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Abstract

The biharmonic equation A%y = f models the steady-state deflection of a thin, clamped
elastic plate. In this report, the equation is solved on the domain of a unit square using the
Mimetic Operators Library Enhanced (MOLE) with second-order mimetic operators on a
2D staggered grid. The discrete bilaplacian analog is created by simply doing A = Lap Lop,
and the clamped boundary conditions (u = 0, 9,,u = 0) are implemented via this strategy:
Dirichlet nodes are eliminated by algebraic substructuring, and inner-ring rows are overwritten
using the robinBC2D from MOLE. The computed numerical solution was compared with a
given exact solution and the Lo, and Ly error norms were calculated and were shown to
converge as the grid resolution was increased.

1 Introduction

1.1 Physical Context of the PDE:

The biharmonic equation models the steady-state deflection of a thin, clamped elastic plate
under a distributed load [4].

1.2 Why using mimetic differences to solve this PDE?

1. The Mimetic Operators Library Enhance (MOLE) [5], makes really easy to use discrete
analogs of continuous vector calculus operators like (V, V-, A, V) using sparse matrices.

3]
2. A few important properties of MOLE: [1, 2, 5]:
e Global and local conservation laws are satisfied.
e Accuracy is maintained across the interior and boundary of the domain.
e The identities of vector calculus are maintained.

e The matrices produced are always sparse.

3. For this 4th-order PDE, the bilaplacian is created by simply doing A% & Lop Lop, and all
the above properties are still valid.

*Computational Science Master Program at San Diego State University (vhegde7143@sdsu.edu).
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1.3 Goals of this work
1. Create a 2nd-order mimetic discretization of A%u = f on a 2D staggered grid using MOLE.
2. Implement clamped boundary conditions on the domain.

3. Calculate Lo, and Lo error metrics as the resolution of the grid is increased using the given
exact solution.

2 Details of the PDE:

2.1 PDE:

Au(z,y) = flz,y),  (z,y) € 2=(0,1) x (0,1). (1)

2.2 Boundary conditions:

u=20 on 00 (Dirichlet Conditions), (2)
Onpu =0 on 90 (Neumann Conditions). (3)

Physical Context of the ”clamped plate” boundary conditions
e Dirichlet (u = 0): The plate is fixed at its edges and CANNOT be moved.

e Neumann (9,u = 0): The bending of the plate is zero at the edges.

2.3 Exact solution and forcing function

I used an exact solution given to me to calculate error metrics and verify my method.

uexact(xa y) = 3;‘4(:13 - 1)2 y4(y - 1)2' (4)
The forcing function is:
flx,y) =24(1 — 10z + 152%)(1 — y)y*

+ 24 (1 — 2)%2*(1 — 10y + 15¢?) (5)
+ 82%(6 — 20z + 1522) y*(6 — 20y + 1532).

3 Methodology

3.1 Utilization of a staggered grid in MOLE [3]
Staggered Grid Layout:

e The domain is divided into a grid of size m x n (m =n = M).

e Scalar quantities (u, f) live at the cell centers and at the boundary edges. There are a
total of (m+2)(n+2) scalar nodes on the grid.

e Vector quantities (gradients Vu) live on the cell faces.
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Figure 1: 2D staggered grid layout for M = 5. Scalar nodes (red) sit at cell centers and boundary edges;
vector components (blue/green) sit on cell edges.

Operators used from MOLE to discretize the domain:
e Lop = lap2D(k, m,dx,n,dy) is a discrete Laplacian operator.

e By = robinBC2D(k,m,dxz,n,dy,0,1) implements the Robin condition au 4+ b9,u =10 . I
have set @ = 0, b =1, which reduces it to the Neumann condition (d,,u = 0).

e Order of accuracy is set to k = 2 across all operators.

3.2 Creating the Bilaplacian

e The matrix A is the discrete analog of the bilaplacian:

A = LQDLQD ~ AQ. (6)

e A inherits all mimetic properties of Lop [3] and is sparse.

e The continuous PDE A2y = f has now become a discrete linear system:

Au = f. (7)



3.3 Implementation of the Boundary Conditions

I will be giving an easy explanation by walking through this example using M =5 for the grid,
which gives a 7 x 7 = 49-node staggered grid. The exact same procedure applies at every grid
size we select.

Step 1 - Classification of nodes:

e Outer ring (24 nodes): They represent the boundary of the plate where we need to
implement v = 0.

e Inner ring (16 nodes): They represent the layer just inside the boundary, where we need
to implement d,u = 0.

e Interior (9 nodes): These are NOT changed.
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Figure 2: Boundary-condition node classification on the M = 5 grid. Red circles are the outer-boundary
nodes (u = 0, to be eliminated). Blue squares are inner ring nodes (9,u = 0, rows to be replaced). The
Black circles are interior nodes (unchanged).

Step 2 - Implementing the Neumann boundary condition on the 16 inner-ring nodes:

e For cach of the 16 inner-ring nodes, we consider its boundary node adjacent to it.

e We will then overwrite that row of A with the mimetic values obtained from the
robin BC2D operator from MOLE.

Arow, inner < BN, row, boundary -

e We will also replace the corresponding value in matrix f with 0.

e Therefore, we have now replaced 16 rows in the matrix A.



Step 3 - Implementing the Dirichlet boundary condition on the 24 outer ring nodes:

e We can eliminate the 24 outer ring nodes since u = 0.
e To do this we just remove the 24 outer-ring rows AND columns from A:

— Rows are removed since we already know the value is zero.

— Columns are removed since they would be multiplying with zero, and are of no use
here.

e We also remove the corresponding 24 entries of matrix f.

e We have now reduced the matrix A from : 49 x 49 — 25 x 25. Let us call this reduced
matrix App.

The final matrix system is:

AFF up = fF, AFF S R25X25. (8)

How the matrix evolves under the BC strategy (M =5)
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Figure 3: (a) Original A = L2, (49x49) ; (b) After Neumann row replacement, it is still 49x49, but
16 rows (highlighted in orange) have been overwritten with robinBC2D operator. (c) After Dirichlet
elimination, the matrix has shrunk to 25x25, and now we solve this final system App.

3.4 Linear Solver
e I have solved the reduced system using MATLAB’s sparse backslash operator:
urp = AFF\fF- (9)
e Then I have reconstructed the full solution vector u by inserting zeros at the eliminated
Dirichlet positions (24 in the M = 5 example, 4(M + 1) in general).

e I felt this was the best method to use since App is sparse and well-structured.

4 Experimental Setup

4.1 Grid Resolutions

e I ran the experiment for grid sizes M € {10, 20, 30, 40, 50, 100, 200, 300, 400}, with
h=1/M.

e Mimetic order: k = 2.



4.2 Error Metrics

To evaluate the numerical method, I compared the computed solution u,,n against the given

exact solution Uexact at every scalar grid node. The discrete error is defined as

Ch

and its size is measured by two norms:

e Lo norm (maximum pointwise error):

= Upum — Uexact;

lenlleo = max | en(zi,yy) |

(10)

(11)

This metric captures the worst-case pointwise deviation and is sensitive to localized failures.

e [y norm (root-mean-square error, weighted by cell area):

1/2
fenlle = (X entens)? Avay )

Y]

This metric captures global accuracy across the domain.

5 Results

5.1 Solution and Pointwise Error

e The maximum pointwise error is ~ 1.4 x 1078

5.2 Convergence as Grid Resolution Increases

M h llenllso llenll2

10 0.1000 2.983x107° 1.369 x 107°

20 0.0500 6.672 x 1076 2.700 x 10~

30 0.0333 2.798 x107% 1.116 x 1076

40 0.0250 1.532x 1076 6.107 x 1077

50 0.0200 9.617 x 10~7 3.861 x 10~7
100 0.0100 2.316 x 10~7 9.538 x 10~
200 0.0050 5.674 x 10~% 2.388 x 108
300 0.0033 2.505x 10~% 1.063 x 108
400 0.0025 1.404 x 10=8  5.985 x 10~9

Table 1: L., and Lo error norms at increasing grid resolutions. Errors decrease as b — 0.
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Figure 4: Convergence of L., and Lo errors versus grid spacing h, on log-log axes, with an O(h?)
reference line.

Convergence Rates: The rate between grid resolutions is computed as

log(”eh”coarse / HehHﬁne)

= 1

rate 10g (hcoarse/hﬁne) ( 3)
Refinement L rate Lo rate

M =10 — 20 2.16 2.34

M =20— 30 2.14 2.18

M =30 — 40 2.09 2.10

M =40 — 50 2.09 2.05

M =50 — 100 2.05 2.02

M = 100 — 200 2.03 2.00

M = 200 — 300 2.02 2.00

M = 300 — 400 2.01 2.00

Table 2: Observed convergence rates between consecutive resolutions.



5.3 Sparsity of the Reduced Matrix
e At M = 400:
— size(App) = 160,000 x 160,000.

— nnz(App) = 2.06 x 10° (~ 13 nonzeros per row).

e The reduced matrix is sparse and banded
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Figure 5: Sparsity pattern of the reduced interior matrix App at M = 400.

6 Conclusion

e Implemented a 2nd-order mimetic discretization of A%2u = f on a clamped square plate
using the MOLE library.

e Tmplemented boundary conditions using algebraic substructuring (Dirichlet) + mimetic
row replacement (Neumann).

e Verified O(h?) convergence in both L, and Lo.
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