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Abstract

This report documents the numerical solution of the two-dimensional
generalized Fisher equation using mimetic difference operators from the
MOLE library in MATLAB. An exact manufactured solution is used to val-
idate the implementation. Spatial derivatives are discretized with MOLE’s
second-order mimetic Laplacian (1ap2D with accuracy order k = 2), and
time integration is carried out using the method of lines with ode15s. Nu-
merical experiments confirm second-order spatial convergence in both Le,
and L, norms.

1 Introduction

Reaction—diffusion equations arise in a wide range of scientific and engineer-
ing applications, including population dynamics, chemical kinetics, biologi-
cal pattern formation, and fluid transport phenomena. These models describe
the combined effects of spatial diffusion and nonlinear reaction mechanisms.
Among the classical examples of such models is the Fisher equation [1], origi-
nally introduced to describe the propagation of advantageous genes in a pop-
ulation. The equation combines a diffusion term with a logistic growth term,
producing nonlinear wave-like behavior.

In this document, we consider the two-dimensional generalized Fisher equa-
tion posed in a square domain. The governing equation consists of a Laplacian
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operator representing diffusion and a nonlinear reaction term of logistic type.
Due to the presence of nonlinearities and spatial derivatives in multiple dimen-
sions, analytical solutions are generally not available, and reliable numerical
methods are required.

Mimetic difference methods [2}3] aim to preserve important structural prop-
erties of the underlying continuous differential operators at the discrete level.
In particular, mimetic operators are constructed so that discrete analogs satisfy
key integral identities of vector calculus. These properties can improve robust-
ness of the discretization, especially near boundaries where standard finite dif-
ference stencils require ad hoc modifications.

The objective of this project is to implement a mimetic discretization of the
two-dimensional generalized Fisher equation using the MOLE library in MAT-
LAB and to verify the numerical accuracy of the method. A manufactured exact
solution is introduced, and the forcing term is constructed accordingly to allow
a direct comparison between the numerical and analytical solutions. The per-
formance of the method is assessed through error norms and a convergence
study over multiple grid resolutions.

2 Mathematical Formulation

We consider the two-dimensional generalized Fisher equation defined on a
square domain Q) = [0, 7r] x [0, 7r] over the time interval ¢t € [0,1]. The gov-
erning equation is given by

up=Au+u(l—u)+ f(x,yt), (xy) e, t>0, (1)

where Au = uyy + uy, denotes the two-dimensional Laplacian operator, and
u(1 — u) represents a nonlinear logistic reaction term.
The problem is equipped with homogeneous Dirichlet boundary conditions

u(x,y,t) =0, (x,y) €90, t>0, (2)
and the initial condition
u(x,y,0) =0, (x,y)€Q. (3)

To verify the numerical implementation, a manufactured exact solution is
introduced:

Uexact(X, Y, 1) = sin(x) sin(y) sin(t). 4)

It is straightforward to verify that the manufactured solution satisfies the



homogeneous Dirichlet boundary conditions since

uexact(of y, t) = uexact(n/ Y, t) = uexact(x/ 0, t) = uexact(x/ T, t) =0,

due to the sine factors. In addition, Uexact(X,y,0) = 0, so the initial condition is
satistied.

A short derivation of the forcing term is included for completeness. First
compute

uy = sin(x) sin(y) cos(t), uxy = —sin(x)sin(y)sin(t), wu,y = —sin(x)sin(y) sin(t),

so that
At = Uyy + uyy = —2sin(x) sin(y) sin(t).

Substituting into u; = Au + u(1 —u) + f gives
f=u—Au—u(l—u).
With u = sin(x) sin(y) sin(¢),
ur — Au = sin(x) sin(y) (cos(t) + 2sin(t)),

and
u(1 —u) = sin(x) sin(y) sin(t) — sin?(x) sin?(y) sin®(¢t).

Therefore,
f(x,y,t) = sin(x) sin(y) [cos(t) + sin(t) + sin(x) sin(y) sinz(t)} , (5

which matches the forcing used in the implementation.

Since the manufactured solution is smooth (infinitely differentiable) on (2 x
[0,1], the regularity assumptions typically required for second-order spatial
convergence are satisfied.

3 Numerical Method

3.1 Spatial Discretization with MOLE Mimetic Operators

The domain Q) = [0, 7r| x [0, 7] is discretized using a uniform grid with spacing
h in both spatial directions:

xi:ih, ]/]':jh, i,jZO,l,...,N, h =



Spatial derivatives are approximated using the MOLE library [5, 4]. In par-
ticular, the discrete Laplacian is constructed via the MOLE routine

lap2D(k,nx,dx,ny,dy),

with accuracy order k = 2. The resulting operator is a sparse matrix that pro-
vides a second-order mimetic approximation of the continuous Laplacian.
Remark (mimetic vs. classical finite differences). Although a second-order
Laplacian has a familiar five-point structure in the interior, MOLE’s mimetic
operators are constructed to satisfy discrete analogs of key continuous iden-
tities (e.g., symmetry and discrete integration-by-parts/Green-type relations)
and to provide a principled treatment near boundaries. In particular, the near-
boundary rows are not obtained by a naive stencil truncation; they are de-
signed to preserve mimetic properties while maintaining the target accuracy
order (k = 2 here). In this project, these properties are validated through a
manufactured-solution convergence study rather than being proven analyti-
cally.

A representative mimetic property is the discrete divergence theorem (a Green-
type identity) satisfied by the mimetic gradient G and divergence D operators
under the discrete weighted inner products Q and P:

h(DV,F)g +h(V,GF)p = (-1,0, ..., 0, 1). 6)

This high-order approximation represents the discrete analog of the continu-
ous Gauss’s divergence theorem and is a fundamental structural property pre-
served by the mimetic discretization.

For homogeneous Dirichlet conditions, the discrete Laplacian is expected to
be negative semidefinite, reflecting the dissipative nature of diffusion. This
implies that the eigenvalues of L are real and non-positive, which is consistent
with decay of modes under the heat operator and is one reason implicit time
integration is appropriate for refined grids.

3.2 Boundary Treatment in the Implementation

Homogeneous Dirichlet boundary conditions are imposed on all four bound-
aries:
u(x,y,t) =0, (x,y) € Q.

In the implementation, the full grid (including boundary nodes) is retained
in the state vector U(t). Boundary conditions are enforced using MOLE’s scalar
boundary condition utilities (e.g., addScalarBC2D) and by setting the time deriva-
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tives at boundary nodes to zero in the ODE right-hand side. This ensures
boundary values remain fixed throughout time integration while keeping the
system size consistent with the full grid representation.

3.3 Semi-Discrete System (Method of Lines)

Let U(t) € RN +1? denote the lexicographically ordered vector of grid values
on the full grid. After spatial discretization, the PDE becomes a nonlinear ODE

system:

C{li—ltl:LUJrUQ(l—u)JrF(t), @)

where ® denotes elementwise multiplication and F(t) is obtained by evaluating
the manufactured forcing function at each grid point and time.

Boundary entries of ‘fi—Lt[ are set to zero so that boundary values remain at 0
for all t.

3.4 Time Integration and Solver Settings

The semi-discrete nonlinear system is integrated over + € [0,1] using MAT-
LAB’s stiff ODE solver ode15s. This choice is motivated by the diffusive term,
whose stiffness scales like 12 as the grid is refined. The solver tolerances were
set to

RelTol =10"%,  AbsTol =101,

so that for the tested grid resolutions the spatial discretization error dominates
the overall error.

The Jacobian of the semi-discrete system has the structure
J(U) = L 4 diag(1 —2U),
where L is the sparse mimetic Laplacian matrix and
diag(1 —2U)

denotes the diagonal matrix whose entries are 1 — 2U; ; at each grid node. Thus
the Jacobian consists of a sparse symmetric diffusion operator plus a diagonal
nonlinear reaction contribution.

Because L has a five-point-type sparsity pattern and the reaction term con-
tributes only diagonal entries, the overall Jacobian remains sparse. This struc-
ture is favorable for implicit solvers such as ode156s, which internally exploit
sparse linear algebra when approximating or factorizing the Jacobian.
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Implementation Details (Reproducibility)

The MATLAB implementation uses MOLE’s 1ap2D with accuracy order k = 2.
The grid sizes tested were N = 20,40, 80 with & = 7r/N. Time integration was
performed using ode15s on [0, 1] with Re1Tol= 10~% and AbsTol= 10~10. The
forcing term was evaluated pointwise using the manufactured solution so that
the exact solution satisfies the PDE.

4 Algorithm

The computational procedure for solving the two-dimensional generalized Fisher
equation can be summarized as follows:

1. Grid Generation: Choose N and construct a uniform grid on Q = [0, 77] x
0, 7t] with spacing h = 7t/ N.

2. Mimetic Laplacian Construction: Use MOLE to build the second-order
mimetic Laplacian matrix L via 1ap2D(k,nx,dx,ny,dy) with k = 2.

3. Boundary Condition Setup: Configure homogeneous Dirichlet bound-
ary conditions using MOLE boundary utilities (e.g., addScalarBC2D) and
enforce them by setting boundary time derivatives to zero.

4. Initialization: Set U(0) from the initial condition u(x,y,0) = 0.

5. Time Integration: Solve the nonlinear ODE system with ode15s over t €
0,1].

6. Error Evaluation: Compute Lo, and L, error norms at t = 1 by comparing
the numerical solution to texact(X, v, 1).

7. Convergence Study: Repeat for N = 20,40,80 and then compute ob-
served convergence rates.

5 Numerical Results

Numerical experiments were performed for three spatial resolutions, namely
N = 20, 40, and 80 grid cells in each spatial direction. The solution was com-
puted up to final time ¢t = 1, and discrete error norms were evaluated by com-
parison with the manufactured exact solution.



5.1 Error Analysis
The discrete Lo, and Ly norms are defined by

num __ , exact (8)

HeHoo:n}?XWi,j wij s

1/2
lell2 = (hz Y e — ule/}gact|2> . o)
i

The computed errors and observed convergence rates are summarized in
Table[1l

N Lo Error Rate L, Error Rate

20 9.305358 x 10°% - 1405638 x 1073 -
40 2427941 x 10~* 1.94 3.804873 x 10~* 1.88
80 6.184170 x 107° 1.97 9.897467 x 10> 1.94

Table 1: Discrete error norms and observed convergence rates.

5.2 Convergence Study

As the grid resolution is doubled, the error decreases approximately by a factor
of four. The observed convergence rates are close to two, indicating second-
order spatial accuracy.

Figure [l shows the log-log convergence plot of the error norms. Both Le
and L, errors exhibit approximately linear behavior with slope close to two,
confirming O(h?) convergence.



Convergence Plot (Generalized Fisher Equation in 2D)
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Figure 1: Log-log convergence plot of the L, and L; errors versus grid spacing
h~1/N.

Figure [2 shows the numerical solution at t+ = 1, while Figure [ shows the
manufactured exact solution. The two surfaces match well. The pointwise er-
ror surface is given in Figure [ This further confirms that the numerical ap-
proximation is highly accurate. From the error surface, it can be noted that the
maximum error occurs in the interior region where the magnitude of the so-
lution is the highest. The errors are still low at the boundaries because of the
Dirichlet conditions.



Numerical solution U(x,y,tfinal)
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Figure 2: Numerical solution U(x,y, t) att = 1 for N = 80.

Exact solution uexact(X,Y;tfinal)
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Figure 3: Manufactured exact solution uexact(x,y,t) at t = 1.



Error: U - Ugyact

error

Figure 4: Pointwise error U(x,y,1) — texact(X,y, 1) for N = 80.

6 Discussion

The numerical results show that the mimetic difference method implemented
with MOLE yields a second-order accurate approximation for the two-dimensional
generalized Fisher equation. These rates are consistent with the expected be-
havior of the second-order mimetic Laplacian used in lap2D.

The smooth decay of the Ly, and L; error norms as the grid is refined is a
further indicator of consistency and empirical stability for the tested resolutions
and solver settings.

The Kronecker-product structure underlying MOLE'’s two-dimensional op-
erator construction preserves separability of the continuous Laplacian and pro-
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duces a sparse and efficient discrete operator.

Homogeneous Dirichlet boundary conditions were enforced directly at the
discrete level by fixing boundary values and setting boundary derivatives to
zero in the ODE system. The absence of spurious oscillations and the close
agreement between numerical and exact surfaces indicate correct boundary en-
forcement.

Using odelbs provides a robust implicit time integrator for the stiff semi-
discrete system; in our experiments it produced stable time stepping and al-
lowed the spatial convergence behavior to be observed without time-step re-
strictions dominating the error.

Computational Considerations and Extensions

For a grid with N cells per spatial direction, the number of degrees of freedom
is (N + 1)?, and the discrete Laplacian matrix has a sparse five-point-type cou-
pling structure, so the number of nonzero entries scales linearly with the num-
ber of grid nodes. Consequently, the overall computational cost grows rapidly
with refinement and motivates the use of sparse linear algebra in implicit time
integration.

The diffusive term introduces stiffness that scales like #~2, which explains
why explicit time stepping would require very small time steps for stability on
refined grids. The implicit ode15s solver is therefore appropriate for efficiently
handling stiffness while maintaining accuracy.

A natural extension of this work is to test higher-order mimetic operators
available in MOLE (larger k values) and compare accuracy versus cost. Another
extension is to compare the mimetic Laplacian to the classical five-point finite
difference Laplacian on the same manufactured solution and assess differences
in boundary behavior and robustness.

7 Conclusion

In this report, the two-dimensional generalized Fisher equation was solved nu-
merically using mimetic difference operators implemented through the MOLE
library in MATLAB. The spatial discretization was carried out using MOLE’s
second-order mimetic Laplacian operator 1ap2D with k = 2, and homogeneous
Dirichlet boundary conditions were enforced on the full grid by fixing bound-
ary values throughout the time integration.
The resulting semi-discrete nonlinear system was integrated using the method

of lines with MATLAB’s ode15s solver. An exact manufactured solution was
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introduced to verify the correctness, and the forcing term was derived accord-
ingly.

A convergence study over N = 20, 40, 80 demonstrated approximately second-
order spatial accuracy in both L and Ly norms. These results validate the im-
plementation and show that the mimetic framework provides a reliable and
systematically convergent approach for nonlinear reaction—-diffusion problems
in two dimensions. The results demonstrate that the mimetic discretization pre-
serves essential structural properties of the continuous operators while achiev-
ing the expected theoretical accuracy.
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