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Abstract

The following document demonstrates mimetic difference schemes preserve mass, momenta,
and energy for systems of conservation laws given in structured meshes including curvilinear
domains. The proofs utilize a general framework where properties of the different mimetic oper-
ators are derived from a high-order discrete analog of the extended Gauss divergence theorem,
without specifying actual matrix representations of the divergence and gradient operators.

1 Introduction

Mimetic methods for numerically solving partial differential equations (PDEs) aim to construct
schemes that utilize discrete analogs of first-order vector calculus differential operators that, besides
convergence and accuracy, aim to replicate properties of the continuum model such as symmetries
and conservation of some quantities. What features and relationships to mimic are what differ
among mimetic methods. Mimetic techniques are of two types: those which derive all its properties
from vector calculus integral theorems or those that focus reproducing some calculi identities and
from there obtain all operator characteristics and relationships. In the first set one finds [22, 4, 7, 6].
In the second, examples of methods that elaborate a discrete vector calculus [20], tensor calculus
[7, 17], exterior calculus [1, 18, 3|, and others based on algebraic topology [14, 15], as well as
geometric and structure-preserving methods [21], can be found in the literature.

The first mimetic method to achieve high-order accuracy was published in [4]. In particular, MD
methods attain uniform accuracy they achieve over the whole computational domain, including near
boundary grid points, a property that no other numerical method for solving PDEs has been able
to exhibit.

This paper is about mimetic difference (MD) [4, 6] approaches which target to reproduce in the
discrete realm a high-order approximation of the one-dimensional (1D) integration by parts (IBP)
formula and from there the extended Gauss Divergence Theorem [10]. These two methods begin by
introducing a staggered grid and defining on it specific high-order divergence and gradient matrix
representations D and G, respectively. Then, utilizing those discrete analogs, attempt to satisfy
a high-order approximation of the IBP formula. This objective triggers the introduction of high-
order inner product weights () and P associated to the divergence and the gradient, respectively
[19]. Moving forward from one-dimension (1D) to higher dimensions via Kronecker products reveal
the need to introduce interpolation operators I” and I to be able to reproduce basic algebraic
operations among the different discrete analogs applied to projections of scalar and vector fields [8].
Later on, it has been demonstrated that the matrix representation of the mimetic operators hold
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discrete analogs of vector calculus identities [10] and that the divergence and gradient generalized
inner product @ and P are indeed quadrature weights [23]. Moreover, it has been exhibited that
mimetic schemes can be shown to converge for some PDEs [11] and mass and energy convergence
for some PDEs [9, 11, 12].

A general framework for formulating mimetic difference methods, that do not require specifying
explicitly discrete analogs of the divergence and gradient differential operators can be found in [13].
This procedure utilizes only the sizes of the matrix representations D and G of the divergence
and gradient, respectively, and aims to satisfy with high-order of accuracy the IBP formula. Ac-
complishing this task demands the introduction of inner product weights @), P and establishes some
relationships between D, G, @, P. Splitting computational grid points into three different set points,
introduces some direct decomposition in D and G, which through the relationships with @ and P,
translates into direct decomposition and properties in the structure of () and P. Moreover, it can
also shown that these decompositions are reflected onto splitting of I” and I¢. Furthermore, it has
been shown that MD derived utilizing the general framework satisfy vector calculus identities and
that positive diagonal weights ) and P are indeed quadrature weights.

This paper proves that mimetic difference schemes preserve quantities in the discrete sense that are
expected to be conserved for general systems of conservation laws on curvilinear structured grids.
Among these quantities one finds for example mass, energy, momentum. The proofs utilize the
general framework of [13]. The document proceeds in the following way. Section 2 summarizes some
properties of the mimetic operators that the general frame is able to derive. Sections 3 demonstrate
the preservation of quantities for general system of conservation laws. Section 5 provides some
conclusions.

2 The general frame for high-order mimetic differences

The following is a summary of the general frame for presenting the derivation of MD approaches.
It focuses on the discrete analog of the IBP formula, and obtains the main properties of the one-
dimensional (1D) operator discrete analogs without explicitly finding them. These properties repli-
cate in the discrete realm the Fundamental Theorem of Calculus (FTC).

2.1 One-dimensional mimetic differences

The general frame for MD approaches is introduced for 1D first.

2.1.1 The staggered grid

In [—1,1], MD utilizes a mesh of N uniform cells and a staggered grid. The staggered grid is
composed of a face grid that contains the edges of the cells (or nodes)

21
XF:{CUZZ—1+N7 OSZSN},
and a center grid, that includes all center cells and domain boundary points,
1 2

Notice that the cardinalities of both X and X¢ are different. The gradient GG, and divergence D,
discrete analogs should be mappings such G : X¢ — Xp, D : X — X¢. Therefore the non-square
matrix representations of G and D are of orders (N +1) x (N+2) and (N +2) x (N +1), respectively.



In addition, since the gradient of a scalar constant field should be the zero vector field, discretization
of this property imposes that if G = [G;5], 1 < < N +1,1 < j < N + 2, then G1 = 0, where
1 =(1,---,1) € R¥*2_ Similarly, the divergence of a constant vector field is zero and hence
DT = 0, where 1 = (1,---,1) € RN+ Moreover, since the divergence is not computed at the

boundaries, the first and last rows of D are zero. The Laplacian discrete analog is defined by
L=DGE€ R(N+2)X(N+2).

Moreover, MD operators are chiefly constructed to approximate with high accuracy the integration
by parts formula (IBP) for 1D scalar field f and 1D vector field ¥,

/U-Vde—i—/fV-UdU:/ fv-ndSs. (1)
U U oUu
The high-order discrete IBP formula requires that

(DV,F) +(V,GF) = VNFy — Vo Fu,

where V' = v XF,F = f xoo are the projections of v, f to the finite grids, respectively, and the
angular brackets mean that the integrals are approximated utilizing a classic quadrature. However,
this is not possible to achieve [19] unless special weighted inner products are introduced, meaning
the need of MD diagonal weights P € RWFDX(N+D and @ € RWV+HDX(V+2) guch the following
identity is attained with high-order accuracy,

<DV,F>Q—|-<‘/,GF>]:J:VNFN—‘/OFO (2)

If in (2), one assumes the constant scalar field F = 1 € RIVt2)X1 then G1 = 0 implies
h1TQD = (-1,0,---,0,1). (3)
If in (2), one assumes the constant vector field V =1 € RN+DX1 then DT = 0 implies

h1T PG = (-1,0,---,0,1). (4)

2.1.2 Additional structure to D and G

It is shown in [13] that one can decompose as direct sums the 1D operators D and G, if one uses
appropriates stencils for Xz and X, respectively. This direct sum triggers the following splitting
of the 1D inner product weights @ and P, respectively,

Qk by
Q= Inio_op : P = In 193 ;
Q% = (@HF Py = (PH)F

for I,,, identity matrix of order m, provided one utilizes symmetric stencils with respect to the 1D
boundaries and where the F' superscript refers to the operation of flipping rows followed by flipping
columns of a matrix.



2.2 Weights () and P as high-order quadratures

One naturally wonders if non-negative weights {w;} can be used for general quadratures in the sense
of approximating ffON g(z) dz, for a smooth function g, i.e.,

TN
(Lo DhWg~ [ gla) da,
o
where ¢ is the projection of the function g(z) onto a grid [zo,z1, - ,2n] and with W = P, or

W = @, with W = diag(Wyg,I,Wg), W = diag(wy,--- ,w;), Wr = diag(wg,--- ,w1) and I an
appropriate square identity matrix.

Without loss of generality, one can assume enough differentiability for g, and hence there exist a
smooth function G(z) such g(x) = G'(z). In that case,

TN

Zo

g(x) dx = /EN G (z) dz = G(zn) — G(xo). (5)

Notice that formula (5) is verified by @ for vector fields V' (see (3)) and satisfied by P for scalar
fields F' (see (4)).
2.3 Some mimetic difference operator properties in d-dimensions

In [—1, 1]d, MD utilizes m; cells along axis X;, [ = 1,--- ,d. The staggered grid is composed of cell
centers and cell vertices X, and of cell centered faces X g, given respectively by

d

Xp = U | TIEEN=11) | x x8x | [IEEN{-11h | |
7j=1 I<j 1>j
d .

Xe = [[x2.

7j=1

Extensions of the 1D divergence D, gradient G, and inner product weight operators ) and P
are built by utilizing Kronecker products of the 1D operators and some near identity matrices of
convenient orders (see [13, 10]).
3 Mass and energy preservation for systems of conservation laws
Given the following sets

IZ{L 76}7 JZ{L 7d}7 L= [_171]da LOZ [_Ll]d_lv K= [OvT]a
consider the system of ¢ conservation laws in d-dimensions, with z = (z1,---,24), and the un-

known u(z,t) = (uj(z,t), - ,uc(z,t))T, and initial condition u®(z) = (u)(x),--- ,ul(x))T, that are
described by

up + div(F(u)) = Oex, (z,t) € L x K, (6)
u(z,0) = u'(2), x €L,



with L = int(L), the interior of L, and that hold boundary conditions given by

Ui(xl,"' 71‘]'—17_17%]4-1)”' ,.’Ed,t) = gz_($1, sy Lj—1, Lj41, " ,.’Ed,t), (&S Ia.] € Ja
w1, xjo1, Lxjyn, o xat) = g (T, Tim1, Tig1, s Tant), 1€ 1,5 €,
where gijE Lo x K - R i=1,--- ¢, are smooth functions. The flux F is given by
Fii(u) -+ Fig(u)
F(u) = : :
Fa(u) -+ Feglu)

Notice Fi; : R4 x K — R, i € I,j € J. Denote Fy(u) = (Fa(u),--- , Fig(u))T, i€ I.
J

3.1 Mass preservation

If F(u) = (Fy(u), -, F.(u))T, then (6) becomes

Uy Z?:l(Flj)xj
| =- s - (7)
t Z?:l(ch)afj

Uce

If one uses a lexicographic ordering in d-dimensions (the ordering in MATLAB), and U; stands for
U; at all points in X¢ accordingly, then for any fixed ¢ € I, its mimetic scheme can be written as
1 d
~ U —U™) = =Dayowy 15 F(U™) = = Dyoy 10, i B(U™), Vi€ L
j=1

Multiplying by h 17 on the left, one obtains using (5) for @, that

d
rITQUI = U™ = —Ath1"Y " QuyoagjDaywg g Ly jFi(U)
j=1
d
= At (Falulaf ) — Fa(u(ey, tw))), (8)
=1
where :1:ljE = (z1, - ,21-1, 1, 2141, -+ ,zq). The last identity follows from (5) when Az, --- , Azxy —

0, and the property that the first and last rows of the identity operators are, respectively, the Kro-
necker products of (1,0,---,0) and (0,---,0,1) applied to the j-th component and the identity
matrix for the other components.

The left hand side of (8) is the difference of discrete mass /\/IZerl of U; at time t,,, 1 and the discrete
mass M at time ¢,,. Therefore, the mass is preserved from time step to time step in the sense
that it changes according to the fluxes through all boundaries of [—1, 1]¢.

3.2 Energy preservation

If one multiplies the i-th equation i € I of (7) by u;, and integrates over L = [—1,1]¢, one gets

u? d
% /L ddtz dx = —/Luz' ;(E](u))x] dr = /LFz(u) -grad(u;) do — /Ldiv(uiFl-) dx. 9)
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If £(U}) is the discrete energy associated to U! then the discrete analog of (9) is

(€U~ EUI) = h (PGUS TPFi(U)) — h (QDHy(U), 1), (10)

)

with H;(U) = IP(U; o FF(U)), being o the discrete Hadamard product.
From the extended Gauss divergence theorem [10], applied to F = U; and V = Fy(U), one gets that

h(PGU;, IPF,(U)) = UI'BIPF,(U) - h(DTQU,, I”FI (U))

= U/BIPF(U)-h Y UiD"QLIPFF(U)),
le|Xcl|

up to high-order for

Imd+2 PXERRY Im2+2 ® Bm
Bxl-nxd = . )

Byy @ Imy_ 142 @ @ Ly 10

where B, is the one dimensional boundary Bmp matrix along the p-axis [10]. The second identity
comes from the fact that Ui(z) = 3 )¢ x| Uul(2), for 2 € Xc and 1 € RIXeX1the constant one
discrete function.

Therefore, (10) becomes

1 _
~; EW) = £UM) = UIBIPF(U) = ) Un(h1TQD)IPF(U) = (h17QD)Hi(U).
le|Xcl
Since
) d
UI'BIPF,(U) = Z[Uz‘(ﬂrl,"' i1, L, wjy1, o a) IPF (U, -+ w1, Lajn, -, 24))
j=1
- Ui(xla L1, _1a Tyl 7xd)IDF‘ij(U(x1a oy Tj—1, —1,l’j+1, e ,l’d)) ] )
and,

> Uu(h1TQD)IPFI(U) = Y Uy(-1,0,---,0,)"IPFI(U) =
el Xl le|xol

d
Z[U’L(th 7$j7171;xj+17"' ,I‘d)IDE](U(I'l, 7mj71a1axj+17"' amd)) -
1

j:
Ui(zr, -+ xjo1, —Lzjpr, o 2) IPF(Ulxy, - o1, =1, x40, ,24)) ],
then, the first two terms cancel out. In addition, since

d

(h ]]-TQD)HZ(U) - Z(Hl](xlv o amj—lv 17$j+1a e 7$d) - Hij(.’]f]_, o ,fL'j_]_, —1,.’Ej+1, et ,.’Ed)),
j=1

then E(U™) — £(UM) = At(h1TQD)H;(U) and the difference in energy between two consecutive
time steps is the difference in flux across the different boundaries of [~1,1]%, which shows energy
preservation of the scheme if one uses the discrete standard energy definition.



3.3 Other quantities preserved for systems of conservation laws

Suppose that each of the components of u, namely u;, ¢ € I, preserves in time a possibly different
quantity v;, ¢ € I. Assume also that

d’l)i dvi dui dui X
—(u;) = = w;(u;) — 1€ 1.
dt (1) du; dt i(ui) dt’
For example, for mass preservation is v; = u;, w; = 1, and for energy preservation v; = %u?, w; = Uj.

Notice that the quantity v; = v;(u;) could actually depend on all and being of the form v; = v(u).
In that. case, for each i € I,

d
dv; B dv; duj du]
=2~ 2

In what follows, by linearity of the derivative in time, it is enough to assume that v; = v;(u;).
Consider w = (wy,--- ,we) v = (vi, -+ ,ve) 7.

If one multiplies the i-th equation i € I of (7) by w;(u;), and integrates over L = [~1,1]%, one gets

/ ) d“"”—‘/L“’% ) S ), e = /LFz(u)-grad(wi(uz-)) dr — / div(ws(us) F) dar

7j=1
(11)
If V(U}) is the discrete preserved quantity associated to U} then the discrete analog of (11) is
1
~; (VWU = v(U™) = h(PGWi(Us), IPF(U)) — h{QDH;(U), 1), (12)

with H;(U) = IP(W;(U;) o FF(U)), and W; the projection of w; onto Xc¢.
The extended Gauss divergence theorem applied to F' = W;(U;) and V=F (U) provides
h (PGW;(Uy), IPFy(U)) = (W;(U;)T BIPFy(U) — h (DT QW;(U;), IP EF(U))

= (Wi(U))"BIPF,(U)—h Y Wi(Ua)(DTQL,IPFI(U)).
le|Xc|

Therefore, (12) becomes

é VU =V(UM) = (Wi0)) " BIPE(U)= Y Wi(Ua)(h 1" QD)IPE! (U)~(h17QD)H;(U).
le|Xcl|
Since
(Wi(U;))"BIPF,(U) =
d
S IWiUiler, -+ w1, Laja, -2 IPFi (U, -z, Lo, -, 2q)) —
7j=1

Wi(Ui(w1, -+ ywj1, =L ajsn, 2 TP Fy (U, - zjo1, =1, @41, -+, 34)) ],



and,

> WilUa)(h1TQD)IPFI(U) = ) Wi(Ua)(=1,0,--- .0, )TI°F(U) =
le|Xcl le|Xcl

WZ(UZ(:Ela 7‘Tj*1717$j+17' T 7xd))IDFl](U(x1, T 7xj71?17xj+17"' ,‘Td)) -

J

d
[

1

Wi(Ui(z1, - xjo1, =1, @41, 2 ) TP Fy (U, - w1, =1, 241, 24)) |

then, the first two terms cancel out. Furthermore,

d
(h1TQDYH;(U) =Y (Hij(x1, -+ -1, 1,201, 2q) — Hij(wr, -+ w51, =1, 2500, ,34)),

J=1

then V(U™ ) —V(U™) = At(h1TQD)H;(U) and the difference in V between two consecutive time
steps is the difference in flux across the different boundaries of [—1,1]¢, which shows V preservation
of the scheme.

3.4 Quantities preserved for conservation laws in curvilinear structured grids

This section investigates whether or not mimetic schemes preserves quantities for systems of con-
servation laws given on curvilinear geometries that are defined by structured grids. Here, we distin-
guish between the physical or curvilinear grid, with x-coordinates, and the logical or computational
Cartesian grid, with &-coordinates.

Therefore, consider the system of conservation laws given by (6) defined on a curvilinear domain.
More specifically, suppose the system of conservation laws is given on a physical spatial domain
P = X(L) in d-dimensions, with coordinates zy,--- , x4, i.e., P is the result of a bijective smooth
map X given by

a;i:ari(&,w-,fd), z’e{l,---,d},

and that the inverse map of A" is ©, which is given by

éizg(xlv"'7xd)a iE{l,--',d},

and it maps P onto the logical d-dimensional Cartesian domain L = [—1,1]¢. Therefore,
up + div(F(w)) = Ocx, (z,t) €P x K, (13)
u(z,0) = u'(z), xeP,

and boundary conditions established on 9P by

UZ(X(J:D )xjflailax]”rlv'” axd)t)) = g;(X(fﬁl, axjflvl‘j+17"' 7xdat))a 1€ I)] S ‘]’
UZ(X(xl) 7xj—17]-axj+l7"' ,l‘d,t)) - gj(X(xlv s Lj—1, Lj41y " " 7'Td7t))7 1€ Iaj S J7

where gijE : X (Lo) x K —» R i =1,--- ¢, are smooth functions. The flux F' is defined as before by

FH(’U,) Fld(u)
F(u) = DT 7



where Fj; : R x K - R, i e I,j € J, and Fi(u) = (Fiy(u),--- , Fig(u))T, i € I.

If one defines a staggered grid on L, composed of faces X and centers (and boundaries) X¢, then
X (Xc U Xp) is an structured staggered grid on P, with centers (and boundaries) C = X(X¢) and
faces F = X(Xr).

The Jacobian of the transformation X is given by

ajl, DY x17
8(1'1,"' ,J?d) .51 .gd

B 8(517' te 7£d)

J

Tdg 0 Tdgy

For w : X(L) — Ra with v = U($17-~~ ,$d) = U<I‘1(€1,'~- 7€d)7' e 7$d(£17' Ce 7£d)) = u(fla"' 7§d)7

the chain rule implies
d
Ug; = Z Uz L850
=1

or equivalently,

ugl x17€1 e xd7§l uxl uwl
T
= = J
Ugy Tieq 70 Tdgy Ug g Uy
Hence
Uz Ugy
— (JT)—l
Uz g Uggy

If one uses the gradient to approximate the partial derivatives of the Jacobian, then

. ~
Jg; =1 Geyey>

T1Tq

where Gy,..c; i8 Gy, With I, replaced by I,,9, the identity matrix of order p 4 2 (see [10]).

If one computes the Jacobian at the faces then the physical gradient is given by

Gayoay = (JE) TGyt

Similarly, one can construct the Jacobian (at the centers) based on the divergence operator.

The extended Gauss divergence theorem in the physical domain should read

h(Gayoay F (), V(@)
and hence
W ((JE) " Gy (), V) Pry oy + P (ID) Dy VI(E) F(E)) @y = F(€)Beygy VI(E),
or equivalently,
W (G, F ), V(Ep,, . oz T B (D VI, F (), ., (gmy-1 = FT(€)Beog,V(E),

9



which conserves the identity for
Quyay = Qfl“‘fd‘]g7 Py ooy = P&“fd‘]gv

since the Dirichlet boundary condition B£1~~-§ = Bay..z , does not change.

—

For constant scalar field F'(§), one gets h (Dg,..e,V(§), 1)Qe,..c, = nTBgl...ng(g), which implies
that ]lTB&...gd = h]lTQ,glA..nggl...gd = h]lT(le...fng)((Jg)_ngl...gd), and hence

h17Quy..xyDayoey = 17 By,

Similarly, for constant vector field V(¢), one gets

h1' Py, .syGayozy = 17 BL,

T1xq”
Suppose that each of the components of u, namely u;, ¢ € I, preserves in time a possibly different
quantity v;, ¢ € I. Assume also that

dv; o dvi du; o dui(§) wi du; .
(o) = Gr(©) GO = (@) T = Trw(e) GO, il

where |J| is the Jacobian determinant. Consider w = (wq,- -+ ,w.)",v = (v1, -+ ,ve) L.

If one multiplies the i-th equation i € I of (13) by z;(u;(£(x))), and integrates over P, one gets

dvi

d
Pﬁ(uz‘(x))dw = —/Pzz‘(uz'(sv)) > (Fiju(@))a, da

7=1
= /E(u($))'Gm'-wd(zi(ui(x))) diﬂ—/Dx1-~-xd(2i(uz'($))Fi(U(m))) da.
P P

The change of variable for multiple integral allows to write the previous identity as

) do = |

7 Fi(u(€))-(J&) ™ G (wilui(€))) dé— / (T5) ™" Dy (wi (i (€)) Fi(u(€))) d€,
P L L

If IC(Uil) is the discrete preserved quantity associated to Uz-l, then the discrete analog of the previous
identity is
L
At
with H;(U) = IP(W;(U;) o FF(U)).

(K(Um+1> - IC(Uzm)) =h <P€1'"§dG§1'“§dWi(Ui)vIDFi(U)> —h <Q€1'"EdD§1“'§dHi(U)’ ]1>7 (14)

7

The extended Gauss divergence theorem applied to F' = W;(U;) and V = F;(U) provides
h(Pey.g,Gey e, WilUi), IPFy(U)) = (WilU))" Beyog IV F(U) = h(D§, ¢, Qe e, WilU:), IV E (U)

= (WiUi)) " Beye JPF(U) = h Y Wi(Ug)(Df, ¢, Qere, 1, IPEF(U)).
lelXcel
Similar identities like the ones utilized for the quantities preserved for the non-curvilinear case
demonstrate that (U™ — K(U™) = At (h17Qg¢,..c,Dey..e,) Hi(U). Hence, the difference in
K between two consecutive time steps is the difference in flux across the different boundaries of
[—1,1]¢, which shows /C preservation of the scheme.

10
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