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We investigate fundamental localized modes in 2D lattices with an edge (surface). The interaction
with the edge expands the stability area for ordinary solitons, and induces a difference between
dipoles oriented perpendicular and parallel to the surface. On the contrary, lattice vortices cannot
exist too close to the border. Furthermore, we show, analytically and numerically, that the edge
stabilizes a novel species of localized patterns, which is entirely unstable in the uniform lattice,
namely, a “horseshoe” soliton, whose “skeleton” consists of three lattice sites. Unstable horseshoes
transform themselves into a pair of ordinary solitons.

PACS numbers: 05.45.Yv, 03.75.-b, 42.65.Tg

I. INTRODUCTION AND THE MODEL

Solitons on surfaces of fluids [1], solids [2], and plas-
mas [3] have been the subject of numerous experimental
and theoretical studies. Recently, a new implementation
of surface solitary waves was proposed [4] and experi-
mentally realized [5] in nonlinear optics, in the form of
discrete localized states supported at the edge of a semi-
infinite array of nonlinear waveguides. Two-component
surface solitons were analyzed too [6], and it was pre-
dicted that solitons may be supported at an edge of a dis-
crete chain by a nonlinear impurity [7]. Parallel to that,
surface solitons of the gap type were predicted [8] and
created in an experiment [9] at an edge of a waveguiding
array built into in a self-defocusing continuous medium.
Very recently, the experimental creation of discrete sur-
face solitons supported by the quadratic nonlinearity was
reported as well [10]. In these cases, the solitons are one-
dimensional (1D) objects. In Ref. [11], a two-dimensional
(2D) medium with saturable nonlinearity was considered,
with an embedded square lattice, that has a jump at an
internal interface; in that setting, stable asymmetric vor-
tex solitons crossing the interface were predicted, as a
generalization of discrete vortices on 2D lattices [12] and
vortex solitons supported by optically induced lattices in
photorefractive media [13]. Solitons supported by a non-
linear defect at the edge of a 2D lattice were considered
too [14].

The search for surface solitons in lattice settings is a
natural issue, as, in any experimental setup, the lattice
inevitably has an edge. In this paper, we report new

∗URL: http://nlds.sdsu.edu/
†URL: http://www.csrc.sdsu.edu/

results for discrete surface solitons in semi-infinite 2D
lattices. First, we consider the effect of the surface on
fundamental lattice solitons, and two types of dipoles,
oriented perpendicular or parallel to the surface. Then,
we introduce a novel species of localized states, a horse-
shoe soliton, in the form of an arc abutting upon the
lattice’s edge. The existence, and especially the stability,
of such a localized mode is a nontrivial issue, as attempts
to find a “horseshoe” in continuum media with imprinted
lattices and an internal interface (such as those consid-
ered in Ref. [11]) have produced negative results [15]. We
find that, in the semi-infinite discrete medium, the horse-
shoes do exist near the lattice edge, and have their stabil-
ity region. For comparison, we also construct a family of
localized patterns of the same type in the uniform lattice
[which, incidentally, is a kind of a stationary localized so-
lutions of the 2D discrete nonlinear Schrödinger (DNLS)
equation that has not been studied previously]. In par-
ticular, we find that this family of solutions is completely
unstable in the infinite uniform lattice (the one without
an edge), which stresses the nontrivial character of the
surface-abutting horseshoes, that may be made stable by
the interaction with the lattice edge.

The model of a semi-infinite 2D array of optical waveg-
uides with a horizontal edge, that we consider here as a
physically relevant representative of the semi-infinite lat-
tices in two dimensions, is based on the DNLS equation
for amplitudes um,n(z) of the electromagnetic waves in
the guiding cores, with z the propagation distance:

i
dum,n

dz
+ C(um+1,n + um−1,n + um,n+1

+ um,n−1 − 4um,n) + |um,n|2um,n = 0, (1)

for n ≥ 2 and all m, where C is the coupling constant,
the corresponding coupling length in the waveguide ar-
ray, C−1, usually being, in physical units, on the order
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of a few millimeters. At the surface row, which corre-
sponds to n = 1 in Eq. (1), the equation is modified
by dropping the fourth term in the combination of lin-
ear terms in Eq. (1) (cf. the 1D model in Refs. [5]),
um,0 = 0, as there are no waveguides at n ≤ 0. Note
that, despite the presence of the edge, Eq. (1) admits
the usual Hamiltonian representation, and conserves the
total power (norm) , P =

∑+∞
m=−∞

∑+∞
n=1 |um,n|2. It is

worth mentioning that there exists another physical re-
alization of the same model: The DNLS Eq. (1) describes,
in the mean-field approximation, the dynamics of a Bose-
Einstein condensate (BEC) trapped in a strong 2D opti-
cal lattice [16] (the latter is a periodic potential induced
by the interference of counter propagating pairs of coher-
ent laser beams illuminating the condensate). In such a
case, um,n is the condensate wavefunction, and C is the
tunneling rate between adjacent wells of the optical lat-
tice. Notice that in the latter context a sharp edge can
be easily created by means of a repelling (blue-detuned)
light sheet bordering the condensate.

Stationary solutions to Eq. (1) will be looked for as
um,n = eikzvm,n, where the wavenumber k may be scaled
to 1, once the coupling coefficient, C, is kept as an ar-
bitrary parameter. The above stationary solution obeys
the equation

(1 − |vm,n|2)vm,n − C(vm,n+1 + vm,n−1

+ vm+1,n + vm−1,n − 4vm,n) = 0, (2)

with the same modification as above at n = 1.
The rest of the paper is organized as follows: In section

II, we will report results of an analytical approximation
for the shape and stability of dipoles and “horseshoes”,
valid for a weakly coupled lattice (for small C). This will
be followed by presentation of corresponding numerical
results. In section III we will briefly consider the inter-
action of vortices with the lattice’s edge and, finally, in
section IV we will summarize our findings.

II. PERTURBATIVE ANALYSIS

Analytical results can be obtained for small C, starting
from the anti-continuum (AC) limit, C = 0 (see Ref. [17]
and references therein). In this case, solutions to Eq. (2)
may be constructed as a perturbative expansion

vm,n =

∞
∑

k=0

Ckv(k)
m,n.

In the AC limit proper, the seed solution, v
(0)
m,n, is zero

except at a few excited sites, which determine the con-
figuration. Of course, a great variety of seed solutions
can be formally constructed in the AC limit proper. A
nontrivial issue is to identify ones that may be contin-
ued to finite values of C as stable solutions. As concerns
the experimental realization, the necessary set of sites
can be easily excited selectively, by focusing the input

laser beam(s) on them, as shown, for instance, in exper-
imental studies of interactions between discrete solitons
in waveguide arrays [18].

We will develop an analytical approach to the study of
the following configurations: (A) a fundamental surface

soliton, seeded by a single excited site, v
(0)
1,1 = 1 (the first

subscript 1 denotes the soliton’s location in the horizon-
tal direction), (B) surface dipoles, oriented perpendicular
(B1) or parallel (B2) to the edge, each seeded at two sites,
{

v
(0)
0,1, v

(0)
0,2

}

= {−1, 1} , or
{

v
(0)
0,1, v

(0)
1,1

}

= {−1, 1} , (3)

and (C) the “horseshoe” three-site-seeded structure,
{

v
(0)
1,1, v

(0)
0,2, v

(0)
−1,1

}

=
{

eiθ1,1 , eiθ0,2 , eiθ−1,1
}

, (4)

with θ1,1 = 0, θ0,2 = π, θ−1,0 = 2π. As concerns stable
dipole states on the infinite lattice, they were predicted
in Ref. [19], and later observed experimentally in a pho-
tonic lattice induced in a photorefractive crystal [20]. All
the above seed configurations are real; in particular, the
horseshoe may, in principle, be regarded as a truncated
quadrupole, which is a real solution too [21].

At small C > 0, it is straightforward to calculate cor-
rections to the stationary states at the first order in C.
Then, the stability of each state is determined by a set of
eigenvalues, λ, which are expressed in terms of eigenval-
ues µ of the corresponding Jacobian matrix, to be derived
in a perturbative form,M =

∑∞

k=0 C
kMk, from the lin-

earized equations for small perturbations around a given
stationary state [17]. Because the present system is a
Hamiltonian one, the stability condition is Re(λ) = 0 for
all λ (if λ is an eigenvalue, so also are −λ, λ? and −λ?,
hence only imaginary λ does not imply instability).

For the dipole and horseshoe configurations, which
were denoted above as (B1,B2) and (C), respectively, the
calculations result in

M(B) = C

(

−1 1
1 −1

)

+O
(

C2
)

,

M(C) = C2





−4 2 2
2 −1 −1
2 −1 −1



+O
(

C3
)

(5)

[the matrices for (B1) and (B2) coincide, at this order].
From here, we obtain stable eigenvalues, at the lowest

nontrivial order, λ
(B)
1 = 0, λ

(B)
2 = ±2

√
Ci + O (C), and

λ
(C)
1 = 0, λ

(C)
2 = O

(

C2
)

, λ
(C)
3 = ±2

√
3Ci + O

(

C2
)

.
Both for the dipoles and horseshoe, one eigenvalue is
exactly zero, corresponding to the Goldstone mode gen-
erated by the phase invariance of the underlying DNLS

equation. As for eigenvalue λ
(C)
2 , it becomes different

from zero at order O
(

C2
)

, and, as shown below, it plays
a critical role in determining the stability of the horse-
shoe structure.

We do not consider the fundamental soliton, (A), here,
as its destabilization mechanism is different (and requires
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FIG. 1: (Color online) Dynamical features of the fundamen-
tal lattice-surface soliton. Fundamental characteristics of the
soliton family, viz. a) the soliton’s norm P , and b) the real part
of the critical stability eigenvalue, versus the lattice coupling
constant, C. For comparison, the dash-dotted lines show re-
spective quantities for the fundamental soliton in the infinite
lattice. The instability is due to an eigenvalue pair bifurcating
from the edge of the phonon band, that eventually hits the
origin of the spectral plane and thus becomes real. c) Linear-
stability spectrum of the fundamental soliton. d) Snapshots
of its evolution (contour plots of |um,n|

2), slightly above the
instability threshold (at C = 1.43).

a different analysis) from that of the dipoles and horse-
shoes; in particular, the critical eigenvalues bifurcate not
from zero, but from the edge of continuous spectrum (see
below).

To examine the existence and stability of the above
configurations numerically, we start with the fundamen-
tal onsite soliton at the surface, (A). Basic results for this
state are displayed in Fig. 1. At C = 0, there is a double
zero eigenvalue due to the phase invariance. For small
C > 0, this is the only eigenvalue of the linearization
near the origin of the spectral plane (Re(λ), Im(λ)). As
C increases, one encounters a critical value, at which an
additional (but still marginally stable) eigenvalue bifur-
cates from the edge of the continuous spectrum, as men-
tioned above. With the further increase of C, this eigen-
value hits the origin of the spectral plane, which gives
birth to an unstable eigenvalue pair, with Re(λ) 6= 0,

see panel c) in Fig. 1. The corresponding instability oc-
curs at C > 1.41 (the results reported here have been
obtained for lattices of size 10× 10, but it has been veri-
fied that a similar phenomenology persists for larger lat-
tices, up to 25 × 25). For comparison, we also display
in Fig. 1, by a dashed-dotted line, the critical unstable
eigenvalue for a fundamental soliton on the uniform lat-
tice (in other words, for a soliton sitting far from the
lattice’s edge), which demonstrates that the interaction
with the edge leads to a conspicuous expansion of the
stability interval of the fundamental soliton. This result
may be understood, as the instability of the fundamental
soliton emerges as one approaches the continuum limit;
2D solitons in the continuum NLS equation are well-
known to be unstable due to the possibility of the critical
collapse in this case. On the other hand, a discrete fun-
damental soliton located near the surface interacts with
fewer neighboring sites, hence it approaches the contin-
uum limit slower, in comparison with its counterpart in
the infinite lattice.

Development of the instability of the fundamental sur-
face soliton (in the case when it is unstable) was exam-
ined in direct simulations of Eq. (1). As seen in panel d)
of Fig. 1, in this case the soliton moves away from the
lattice’s edge, expanding into an apparently disordered
state (lattice radiation). This outcome of the instability
development is understandable, as, at these values of the
parameters, stable localized state exists, near the sur-
face or in the bulk of the lattice, where the fundamental
soliton is still more unstable.

Next, in Fig. 2 we present results for the vertical and
horizontal dipoles, (B1) and (B2), seeded as per Eq. (3).
At C = 0, the spectrum of perturbation eigenmodes
around the dipole contains two pairs of zero eigenvalues,
one of which becomes finite (remaining stable, i.e., imag-
inary) at C > 0, as shown above in the analytical form.
Our numerical findings reveal that, in compliance with
the analytical results, the dipoles of both types give rise
to virtually identical finite eigenvalues [hence only one
eigenvalue line is actually seen in panel d) of Fig. 2]. As
shown in panel e) of Fig. 2, both dipoles lose their stabil-
ity simultaneously, at C ≈ 0.15. Continuing the compu-
tations past this point, we conclude that the vertical and
horizontal dipoles become different when C attains values
∼ 1. Eventually, the (already unstable) vertical configu-
ration, (B1), disappears in a saddle-node bifurcation at
C ≈ 2.17, while its horizontal counterpart, (B2), persists
through this point. Furthermore, there is a critical value
of C at which an eigenvalue bifurcates from the edge
of the continuous spectrum. Eventually, this bifurcating
eigenvalue crosses the origin of the spectral plane, giving
rise to an unstable eigenvalue pair, with Re(λ) 6= 0. The
value of C at which this secondary instability sets in is
essentially smaller for (B1), i.e., C ≈ 1.55, than C ≈ 2.61
for (B2). We thus conclude that the horizontal dipole,
(B2), is, generally, more robust than its vertical counter-
part, (B1), as concerns both its existence and stability.
This conclusion seems natural, as the proximity to the
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FIG. 2: (Color online) a) Vertical (B1) and horizontal (B2)
dipoles for C = 1. Their respective norms are depicted in
panel b). The imaginary and real part of the critical sta-
bility eigenvalue, versus the lattice coupling constant, C,
are displayed in panels d) and e) respectively. The verti-
cal dipole (B1) disappears via a saddle-node bifurcation at
C ≈ 2.17. Panel d) depicts the eigenvalue bifurcating from
zero at C = 0, the dashed line being the analytical approx-
imation described in the text, i.e., (Im(λ))2 = 4C. Panel e)
shows the onset of instability in the (B1) (solid lines) and
(B2) (dashed lines) dipoles, as found from numerical compu-
tations. Panels c) and f) show, respectively, the spectrum of
the stability eigenvalues and nonlinear evolution of an unsta-
ble vertical dipole for C = 0.2.

lattice edge stabilizes the fundamental soliton, as shown
above, and in the horizontal configuration the two fun-
damental solitons that constitute the dipole are located
closer to the border.

Nonlinear evolution of unstable dipoles was examined
in direct simulations as well. As seen in the example [for
the configuration (B1)] shown in panels f) of Fig. 2, the
instability transforms them into fundamental solitons.

Proceeding to the novel discrete-soliton species (C),
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FIG. 3: (Color online) The same as Fig. 2 for the “horseshoe”
configuration, seeded at C = 0 as per Eq. (4), i.e., as a trun-
cated “quadrupole”. Panel a) shows an example of the state.
The solid curves in the panels d) and e) display the imagi-
nary an real parts of critical stability eigenvalues [the dashed
line in d) presents the analytical approximation for the imag-
inary part, see in the text]. For comparison, the red dash-
dotted lines in e) show the same characteristics for a family
of horseshoe solitons created in the uniform lattice (without
the edge). It is seen that the latter family is completely un-

stable, while the horseshoe trapped at the edge of the lattice
has a well-defined stability region. Panels c) and f) present,
respectively, the linear instability spectrum of the horseshoe
at C = 0.26, and its (numerically simulated) evolution due to
the instability.

namely the horseshoe, we note that, because it is seeded
at three sites in the AC limit, there are three pairs of zero
eigenvalues at C = 0. Above, it was shown analytically
that one pair of these eigenvalues becomes finite at order
O(C), and another at O(C2). These analytical results
are continued by means of numerical computations (see
Fig. 3). It was found that the first pair remains stable
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(imaginary) until it collides with the edge of the continu-
ous spectrum, which happens at C ≈ 0.25 [see panel e) of
Fig. 3]. As mentioned above, the second eigenvalue pair,
bifurcating from zero at order O

(

C2
)

, is critical for the
stability of configuration (C) at C → 0. The numerical
results show that this pair bifurcates into a stable one,
hence, as shown in Fig. 3, the horseshoe remains stable
up to the above-mentioned value, C ≈ 0.25, at which the
first pair suffers a bifurcation into an unstable one, due
to the collision with the continuous band.

To understand the stabilizing effect of the surface on
the horseshoes, it is relevant to compare them to their
counterparts that may be found in the infinite lattice.
Indeed, again starting with the AC seed taken as per
Eq. (4) but far from the lattice’s edge, we have created
stationary structures similar to the horseshoe. By them-
selves, they present a novel family of localized solutions
to the DNLS equation in 2D. However, this entire family
turns out to be unstable (unlike the ordinary quadrupoles
that may be stable [21]), through the following mecha-
nism: the O(C2) eigenvalue pair, bifurcating from zero
at C = 0, immediately becomes real in this case, see the
corresponding parabolic dashed-dotted line in panel e) of
Fig. 3. We stress that, unlike the above example of the
stabilization of the fundamental soliton by its proximity
to the lattice edge, the dependence of the horseshoe’s sta-
bility on the border is crucial, as it may never be stable
in the infinite lattice.

Panels f) of Fig. 3 exemplify the evolution of the horse-
shoe when it is unstable. We observe that the unstable
horseshoe splits into a pair of two fundamental solitons,
one trapped at the surface and one found deeper inside
the lattice.

III. EFFECTS OF THE LATTICE SURFACE ON

THE EXISTENCE OF VORTICES

In spite of the stabilization effects reported above, the
lattice edge may also act in a different way, impeding
the existence of localized solutions of other types. As an
interesting example, we consider the so-called supersym-
metric lattice vortex [17] attached to the edge, i.e., one
with the vorticity (S = 1) equal to the size of the square
which seeds the vortex at C = 0 through the following
set of four excited sites, cf. Eq. (4):
{

v
(0)
0,1, v

(0)
1,1, v

(0)
1,2, v

(0)
0,2

}

=
{

eiθ0,1 , eiθ1,1 , eiθ1,2 , eiθ0,2
}

, (6)

with θ0,1 = 0, θ1,1 = π/2, θ1,2 = π, and θ0,2 = 3π/2
(unlike the above configurations, this one is complex).
While supersymmetric vortices exist in uniform lattices
(including anisotropic ones), and have their own stability
regions there [17, 22], numerical analysis shows that the
localized state seeded as per Eq. (6) in the model with
the edge cannot be continued to C > 0 (which illustrates
the above statement that arbitrary patterns created in
the AC limit do not continued to finite C, and the con-
tinuation selects only truly existing lattice solutions). In
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FIG. 4: (Color online) The supersymmetric vortex cell seeded
as per Eq. (7). Panels a) and b) show, respectively, the
real and imaginary parts of the solution and panel c) the
(in)stability spectrum of small perturbations around it for
C = 0.4. Panels d) and e) display imaginary and real parts
of the stability eigenvalues versus C. The solid and dashed
lines show numerical and analytical results for small C. For
comparison, red dashed-dotted lines depict the same numeri-
cally found characteristics for a supersymmetric vortex on the
infinite lattice.

fact, we have found that, to create such a state at finite
C, we need to seed it, at least, two sites away from the
edge, i.e., as

{

v
(0)
0,3, v

(0)
1,3, v

(0)
1,4, v

(0)
0,4

}

=
{

eiθ0,3 , eiθ1,3 , eiθ1,4 , eiθ0,4
}

, (7)

where the set on the right-hand side is a translated ver-
sion of that of Eq. (6). Numerically found stability eigen-
values for this structure are presented in Fig. 4, along
with the analytical approximation, obtained, for small C,
by means of the same method as above. In all, there are
four pairs of analytically predicted eigenvalues near the
spectral-plane origin (given the four initially seeded sites
of the configuration). More specifically, these are: λ = 0
(it corresponds to the Goldstone mode associated with
the phase invariance), λ = ±2iC (a double eigenvalue

pair), and λ = ±
√
32C3i (a higher-order pair). As seen

in the figure, the distance of two sites from the boundary
is sufficient to make the behavior of the supersymmet-
ric lattice vortex sufficiently close to that in the infinite
lattice and to render it stable.
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IV. CONCLUSION

This work demonstrates that properties of localized
modes in the 2D lattice with an edge may be drasti-
cally different from well-known features in the uniform
lattice. In particular, the edge helps to increase the sta-
bility region for the fundamental solitons, and induces
a difference between dipoles oriented perpendicular and
parallel to the lattice’s border, making the latter ones
more robust. On the other hand, an opposite trend was
demonstrated for supersymmetric vortices, which cannot
be created too close to the border. Most essentially, the
edge stabilizes a new species of discrete solitons which
is entirely unstable in the uniform lattice, the “horse-
shoes”. The stabilizing effect exerted by the edge on the
fundamental solitons, horizontal dipoles, and horseshoes
suggest new possibilities for experiments in 2D arrays of
nonlinear optical waveguides, as well as in BEC trapped
in a deep 2D optical lattice. In particular, a straightfor-
ward estimate shows that the longest dimensionless prop-

agation distance, z . 400, for which the simulations were
run, to demonstrate the evolution of unstable modes in
full detail and show their clear distinction from the sta-
ble ones, corresponds to the waveguide length . 4 cm,
which is quite possible in the current experiments [18].

Natural issues for further consideration are horseshoes
of a larger size (the present work was dealing with the
most compact ones), and counterparts of such localized
modes in 3D lattices near the edge – possibly, in the form
of “bells” abutting on the surface. In the 3D lattice, one
can also consider solitons in the form of vortex rings or
cubes [23] set parallel to the border. In this connection,
it is relevant to note that the 3D version of the DNLS
equation does not apply to the guided-wave propagation
in optics, but it can be realized in terms of BEC loaded
in a strong 3D optical lattice, see Ref. [23] and references
therein.
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