




















1. The First-Order Energy Correction for the S-L case

The first-order energy is given by
. CQLb+1 (Mb7 B)

v = (O )e0) = sl (B6)
where Cor,+1(M,, () is the long-range interaction coefficient
Cory+1(My, ) :ﬂ(—l)HLbM”@L:l—iDg <Lb2fl}\4b)
<[P, (@) |01, (6) [ W, (Lo 0)) 2. (B7)
2. The First-Order Energy Correction for the P-P case
For (O (A, 3), the first-order energy is given by
v, ) = (¥0@) Ve (A)
_ _05(?57 f) | (B3)
where
Cs5(A,8) = —(Ar+ BA). (B9)
In eq. (B9), A; and A, are
A = S, (150) |?Y5(8)|[ 0, (1: )
X (T, (1 ) P*Ya(P)] W4, (15 0)) (B10)
and ir
As = e [(Wn, (10)[[07Y(6)]| U, (1;0) (B11)
The first-order energy correction VW (II, 3,~) gives
Cs(IL B,7) = —C*(1+27+7)C5(A, §). (B12)

The dispersion coefficient, C5 is zero for both the X1 and ¥~ states. For the X3, Cs is

C5(33,3) = 6C5(A, B). (B13)

3. The Second-Order Energy Correction

The second-order energy is

|(W |V|an (LsMg; 0 )wn,(L M;p)>|2
ICER ol - o eVt , (B14)
nsng  nang

nsng LsMs
Ly My
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where . (LsMs; o)wp, (L My; p) is one of the intermediate states with the energy eigenvalue
E,.n, = E,, + E,,, and the prime in the summation indicates that the terms with E,,_,, =

E}S}nb should be excluded. It should be noted that the molecular states in eq. (B14) do allow
for the exchange of the two atomic states, ¥, and V,, making up U Expressions for
van der Waals matrix elements for various states of helium expressed in terms of reduced
matrix elements have been given by Zhang and coworkers [44-47]. These expressions can be
adapted to single electron atoms, but they are not reproduced here due to their complexity.

Instead expressions are presented for the second order matrix elements written in terms
of sums over products of radial matrix elements multiplied by an angular factor, A; and also
by an energy denominator, viz

/ k1 k2
Vi(2) _ _Aiz Z (nala| ™ nsls) (nsls |72 ngla)

0
nsnt kikaksks Ensnt - T(La)nb
(nply| %2 | el ) (ngls |15 ngly ) B15
RF1+ka+k3+ka+2 ( )

The A; are coefficients that result from the angular integrations and sums over magnetic
quantum numbers. The dispersion coefficients are obtained by multiplying eq. (B15) by
—1 and omitting the RF1*r2+katkit2 factor. These A; coefficients were determined by using
the formalism presented in [44-46]. With one or two exceptions the coefficients reproduced
those listed in the MSD compilations [7, 9].

Expressions for Cg, Cs and Cyq for the case ¢, = ¢, = 0 have been given in [7]. That
article also gave Cg and Cy for the ¢, = 0, ¢, = 1 configuration and Cy for the ¢, = 0,
{, = 2 case. We note that, the coefficient, AJ' coefficient in Table I of [7] that contributes
to Cy for the (¢, = 0,4, = 1) configuration was listed as -6/15 when it should have been
listed as -6/25. As noted earlier, some of the coefficients presented in [8, 9] for the np-np
configuration were incorrect.

The approach adopted here is to mainly present the angular coefficients and expressions
for those cases which have not been given previously. Table X gives the expressions used to
determine Cs and Cy for the ns-md case. Table XI gives the expressions used to determine
Cs and Cy for the np-mp case. When n = m, one can set = 1 and divide by 2 (setting
B = 0 also works). If n # m then [ is £1. Explicit expressions are not given for Cyq since
they are somewhat unwieldy.

Care must be taken in evaluating eq. (B15) in cases where both of the atoms are in excited
states. It is possible that the energy spectrum of the pseudo state continuum could result
in an energy denominator that was accidentally very close to zero. However, the adverse
consequences of this can be largely eliminated by using LTO basis sets of different dimension
to evaluate the dispersion coefficients and checking whether this leads to large changes in
the coefficients.

4. Treatment of core

It is desirable to add the contribution of the core into the van der Waals coefficients.
Although, the effect is small for Li, for the heavier alkali atoms the core can contribute more
than 5% to the dispersion coefficients for the ground state.

The key to including the core is to examine how the core will affect the oscillator strength
sum rules. The initial state of the alkali atom can be regarded as a simple product of the
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core ( |00)) multiplied by the state of the valence electron ( |LM)),
‘Ilinit = ’00LM> <B16)

Now consider an excitation out of the core with the valence electron remaining a spectator,
the wave function for this final state is

= [fm: LM). (B17)
This state is an uncoupled state, but it can can be written in a coupled representation as
[m:LM) = > (¢mLM|LyMy)|¢L: Ly My) (B18)
LrMp

The oscillator strength for a transition to [¢m: LM) can be decomposed in terms of transi-
tions to the |(L: Ly Myz) coupled states as,

FYO0LM — ¢mLM) =Y " [(¢mLM|LyMyz)|?

Ly Mrp

x f{0L:LM — (L:LpMry) . (B19)
Similarly, the oscillator strength in the coupled representation can be decomposed

FYOL:LM —(L: LyMy) = Y f(00: LM'—¢m': LM')
m/ M’
x [{(m' LM'|Ly Mz)|? . (B20)

We are interested in the contribution that the core oscillator strength, f*(00: LM’ = M —
¢m': LM' = M) makes to f¢(OL: LM — (L:LyMy). The excitations from the core occur
independently of the valence spectator state |00 : LM), so f*(00LM — ¢mLM) does not
depend on M (or L), e.g.

FUUL:LM —(L: LyMy) = ) [(em/LM'| Ly Mr)|*

m' M/

x f400 — ¢m') . (B21)

So the oscillator strength we are interested in can be written

1
¢
(LM :LM — (LM : LyrMry) =
A - oMr) =5

X ) 400 — em!)[ (e LM | Ly My) | . (B22)

m/ M’

Further, the value of fY(00LM — ¢mLM) does not depend on m since the angular mo-
mentum of the core is zero and summing over the m’ magnetic sub-levels gives the usual
absorption oscillator strength, f¢(0 — ¢)

{
E | ‘ B f O—>€
frLM:LM —{L: LyMy) = 2L—|—1 Z C2AU+1

|(tm/ LM’|LTMT>|2
(=)
2L+ 1)(20+1)

X

(B23)
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The absorption oscillator strength for the (0 — ) core excitation with an |LM) spectator
is just

(2Ly + 1)
(2L +1)(20+1)

The oscillator strength is distributed into Ly final states according to the (2Ly + 1) degen-
eracy factor.

Inclusion of the core into the dispersion sum rules is done quite easily. Any term in a
sum rule with a [{(nl|r*|nl'}|? type structure can be replaced by the corresponding oscillator
strength. The core terms are including by simply adding them to the arrays storing oscillator
strengths and squares of radial matrix elements. For example, the f'(2p — nd) array is
augmented by an additional f-value of 10/9 (the core f-value is taken as the number of core
electrons) and an excitation energy of 0.745 Hartree [19].

The core was included in the calculation of all C,, dispersion coefficients for the ns-ms
configuration. For the other configurations the core was included in the calculation of Cf,

Cg and Cl[}-

fL:L — (L:Ly) = fH0—20) (B24)
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TABLE III: The scaler and tensor polarizabilities of the low lying states of the alkali metal atoms.

The core-polarizabilities from [19] are also listed. All polarizabilities are in atomic units. The

numbers in the square brackets denote powers of ten.

Method o a2 a3 Q2,Lo Lo
1s? core
0.193 0.114 0.168
2s
Present 164.21 1424.4 3.9680[4]
Exact [14] 164.11 1423.4 3.9650[4]
MSD [6] 164.0 1.424[3] 3.969[6]
RKR [38] 164.14 1423.3
Model Pot. [39] 164
Exp. [40] 164.2(11)
2p
Present 126.95 4104.9 3.2135[5] 1.6627
RKR [38] 126.4 1.73
Model Pot. [39] 126.4 1.5
Exp. [41] 126.88(50) 1.64(4)
3s
Present 4134.5 3.5642[5] 3.1594[7]
Model Pot. [39] 4098
CA [42] 4133
3p
Present 2.8454[4] 4.6692[5] 4.2217[8] ~2188.0
Model Pot. [39] 2.6637[4] 2016
CA [42] 2.835[4] 2173
3d
Present “1.5044[4] 1.5786[5] ~1.3548[8] 1.6414[4]
Model Pot. [39] -1.395[4] 1.5324[4]
CA [42] 1.51[4] 1.645[4]
Exp. [43] —1.513(4)[4] 1.643(6)[4]
4s
Present 3.5303[4] 1.1587[7] 4.5133[9]
Model Pot. [39] 3.504[4]
CA [42] 3.526[4]
4p
Present 2.7617[5] 5.3492[7] 4.3264(10] -2.1000[4]
Model Pot. [39] 2.540[5] 1.88[4]
CA [42] 2.7355] -2.07[4]
4d
Present 4.1926[6] 6.6239]6] 2.8113[11] ~1.0781[6]
Model Pot. [39] 4.680[5] -1.65[5]
CA [42] 3.10[6] ~6.749]5]
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TABLE IV: The dispersion coefficients Cg, Cs, and Cyo for Li(ns)—Li(n's) combinations. The
numbers in the square brackets denote powers of ten. Data by other groups are identified by the

citation in the first column.

Molecule I5] Cs Cy Cho
25 — 2s 0 1394.6 8.3515[4] 7.3811[6]
Exact [14] 0 1393.4 8.342614] 7.3721[6]
MSD [6] 0 1388 8.324[4] 7.365[6]
25 — 3s -1 1.3850[4] 3.5489[6] 1.0672[9]
MSD [7] -1 1.381[4] 3.539[6] 1.064[9]
+1 3.1160[4] 4.5232[6] 1.2528[9]
MSD [7] +1 3.110[4] 4.514[6] 1.250[9]
25 — 4s -1 6.7694[4] 5.7126[7] 5.2444[10]
MSD [7] -1 6.575[4] 5.700([7] 5.231[10]
+1 6.7243[4] 5.7038]7] 5.2413[10]
MSD [7] +1 6.712[4] 5.691(7] 5.228[10]
3s — 3s 0 1.959115] 8.8534[7] 3.7180[10]
4s — 4s 0 4.6129[6] -9.6796[10] -1.3152[15]
3s — 4s -1 1.0762[6] 4.3114[8] 1.0768[12]
+1 -3.5233[6] -5.9915[10] 2.0824[12]
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TABLE V: The dispersion coefficients C3, Cg, Cs, and C1g for the interactions between the 2s-np
and 2p-ns states of Li. The numbers in the square brackets denote powers of ten. Data by other
groups are identified by the citation in the first column.

Molecule 15} Cs Cs Cy Cho
2(2s — 2p) -1 ~11.008 2.07633] 9.9202]5] 1.2113[8]
MSD [7] -1 -11.01 2.066[3] 9.880[5]

YD [48] -1 -11.000 2.0751]3]
+1 11.008 2.0763]3] 2.7431[5] 3.0096]7]
MSD [7] +1 11.01 2.066[3] 2.705[5]
YD [48] +1 -11.000 2.0751[3]
I1(2s — 2p) -1 5.5041 1.4074[3] 4.8629[4] 9.1839[5]
MSD [7] -1 5.503 1.401[3] 4.7564]
YD [48] -1 -5.500 1.4061[3]
+1 -5.5041 1.4074[3] 1.0316]5] 8.9295(6]
MSD [7] +1 -5.5041 1.401[3] 1.021[5]
YD [48] +1 -5.500 1.4061[3]
% (25 — 3p) 1 -3.3314[-2] 3.8236[4] 2.3183[7] 1.1180[10]
MSD [7] -1 -3.364[-2] 3.814[4] 2.702[7]
+1 3.3314[-2] 3.8236[4] 2.4870([7] 1.0769[10]
MSD [7] +1 3.364[-2] 3.814[4] 2.533[7]
I1(2s — 3p) -1 1.6657]-2] 2.0282[4] -3.7222[5] 1.3252[8)]
MSD [7] 1 1.682[-2] 2.022[4] 3.714[5]
+1 -1.6657[-2] 2.0282[4] 7.8976[5] 1.5536(8]
MSD [7] +1 -1.682[-2] 2.002[4] 1.535[6]
¥(2s — 4p) -1 -2.5533]-2] 1.2982[5] 2.9926]8] 3.8300][11]
+1 2.5533[-2] 1.2982[5] 2.9918[8] 3.8302[11]
I1(2s — 4p) -1 1.2766]-2] 7.2669[4] 8.2886(6] 4.7487[9]
+1 -1.2766]-2] 7.2669[4] 8.3348[6] 4.7521[9]
¥(3s — 2p) -1 -5.91546 9.5385[3] 1.6420[7] 4.7116[9]
+1 5.91546 9.5385[3] -1.2272[6] 8.1476[7]
I1(3s — 2p) -1 2.95773 1.4098[4] 3.3706]5] 3.3236[8]
+1 -2.95773 1.4098[4] 3.8905(6] 6.3272[8]
Y(4s — 2p) -1 -0.42050 4.7234[4] 8.3742]7] 9.0090[10]
+1 0.42050 4.7234[4] 7.0882[7] 9.0968[10]
I1(4s — 2p) -1 0.21025 5.1569[4] 4.5252[7] 4.7677[10]
+1 +0.21025 5.1569[4] 4.9604]7] 4.6483]10]
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TABLE VI: The dispersion coefficients C5, Cg, Cg, and Cig for the interactions between the 2s

and nd states of Li. The numbers in the square brackets denote powers of ten.

Molecule 15} Cs Cs Cs Cho
(25 — 3d) -1 451.43 2.0396]4] 1.6282[7] 8.6460(9]
MSD [7] -1 449 8 2.039[4]

+1 -451.43 -1.6635[4] 1.2269]7] 8.7395[9]
MSD [7] +1 -449.8 -1.663[4]
I1(2s — 3d) -1 -300.95 -9.7192(3] 5.8684[6] 5.3251[§]
MSD [7] -1 -299.9 -9.718]3]

+1 300.95 1.4968[4] 7.0630[6] 9.1099(7]
MSD [7] +1 299.9 1.496[4]
A(2s — 3d) -1 75.238 1.1027[4] -7.0083[5] -1.8995[7]
MSD [7] -1 74.97 1.102[4]

+1 -75.238 -1.3170[3] 3.7950[5] -3.1047[7]
MSD [7] +1 -74.97 -1.323[3]
Y(2s — 4d) -1 79.581 1.0408[5] 2.6590[8] 4.4512[11]
MSD [7] -1 79.19 7.733[4]

+1 -79.581 1.0302[5] 2.6583[8] 4.4505[11]
MSD [7] +1 -79.19 7.626[4]
I1(2s — 4d) -1 -53.054 9.1358]4] 9.1477[7] 2.0677[10]
MSD [7] -1 -52.79 6.641[4]

+1 53.054 9.2063[4] 9.1512[7] 2.0700[10]
MSD [7] +1 52.79 6.712[4]
A(2s — 4d) -1 13.264 5.6359[4] -1.4539[7] ~7.7159[8]
MSD [7] -1 13.20 3.668]4]

+1 -13.264 5.6006[4] -1.4563[7] -7.6738]8]
MSD [7] +1 -13.20 3.650[4]
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TABLE VII: The dispersion coefficients C5, Cg, Cs, and Cqg for the interactions between 2p and
np states for Li. The numbers in the square brackets denote powers of ten.

Molecule 15} y Cs Cs Cy Cho
2p-2p

»f +1 +1 0 2.8463[4] 8.7799[5] 1.3019[8]
MSD (8] +1 +1 0 2.8451[4] 7.8764[5]

Py +1 +1 -1.0546(3] -4.0780[2] 8.6071[6] 9.0917(8]
MSD [8] +1 +1 -1.0478(3] 2.4263(4] 8.4351]6]

5= +1 -1 0 1.3522[3] -1.0297[4] ~1.7416]6]
MSD (8] +1 -1 0 1.3447(3] -1.0569[4]

II +1 -1 0 3.1979[4] 1.0097[6] 1.1162[8]
MSD [8] +1 -1 0 3.1965[4] 1.0069[6]

II +1 +1 7.0305[2] 5.2059(3] -4.3753]5] 2.0893([8]
MSD (8] +1 +1 6.9855[2] 5.195[3] -4.3598]5]

A +1 -1.7576(2] 1.4739[4] -6.2969[5] 7.7614[6]
MSD (8] +1 -1.7463]2] 1.4730[4] -6.3043]5]

2p-3p

»f -1 +1 0 6.8307[3] 1.3017]7] 1.5639[9]
E]L +1 +1 0 2.6877[4] 5.1316]7] 4.7984[9]
Py -1 +1 -5.7690(3] 3.2794]3] 6.0005]6] 1.5758[10]
Py +1 +1 -7.3785(3] 4.7820[4] 3.1740]7] 4.0435[10]
P -1 -1 0 1.9168[4] 5.7425[6] -2.957117]
> +1 -1 0 1.1218[4] 1.4093[6] 9.6763[6]
II -1 -1 0 2.9638[4] 5.8203[7] 4.5886[9]
II -1 +1 3.8460]3] 1.4526[4] 1.1276[7] -7.2649[7]
II +1 -1 0 7.3344[3] 1.6543[7] 2.0616[9]
II +1 +1 4.9190(3] 2.6721[4] 2.2359(7] -3.9251[9]
A -1 -9.6151[2] 7.6231[3] 3.922416] -2.4591[9]
A +1 -1.2298(3] 2.0627[4] 1.8111[7] -6.0144[9]

TABLE VIII: The electronic wave functions for Lis molecules in a ns-mf configuration.

The

notation |n!,) indicates the radial quantum number n, the orbital angular momentum ¢ and its

projection m.

Asymptote M 6=1 8=-1 Representation

. Iy+ 3%+ Iy+ 3%+ (Ingmf)+BImfnf))
ns-ms 0 DIRIELOIN) DI /2050w
ns-mp 1 1,-%11, 1,-311, % (|Indmi) + Blmind))
ns-mp 0 oSy Iofsyt \/ii (|ndmd) + Blmnd))
ns-md 2 IABA, IA3A, \/Li (|Indm3) + Blm3nd))
namd U,y () + )
ns-md 0 DI DI \% (Ingmd) + Blmind))
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TABLE IX: The electronic wave functions for Lio molecules in a np-mp configuration. The notation
Int ) indicates the radial quantum number n, the orbital angular momentum £ and its projection
m. Only states with 3 = +1 survive for the np-np configuration. The two ¥ combinations are
distinguished by an additional row entry.

Asymptote M [B=1 B=-1 Representation
np-mp 2 TAG3A, TAL-BA \/ﬁ (|n%m}> +B|m}n%))

np-mp
np-mp Zir

I,-310, 11,310, % (Ingmi) + Blmind) + v(1 = dnm)[Inimd) + Blmini)])

1 1
EDIAEL) AR IS ) m[\ném@ + Blmgng)] + m[\"%miﬁ +Blmlyng) + [nlymi) + Blmint,)]

1
0
+ -1 1
np-mp £ 0 195-3vf 1nisnd m””émé) + Blmgng)] + m“”%ml—ﬁ + BlmLyng) + Inkymi) + Blminl,)]
0

_ g _ — — 1
np-mp 15598 18- m“nhmb + Blminl,) — [njml;) — Blm! n)]

TABLE X: The angular coefficients multiplying the radial sums for the Cg and Cg dispersion
coefficient for the ns-md case. The contribution of each term is obtained by multiplying the radial
sum with the angular coefficient. For reasons of compactness the energy denominator is omitted.

%(8) 11(8) A(pB) Radial sum rule
Ce
Z 3 = (na0lr|ns1)? (np2]r|ne1)?
3 § @ (na0lr|ns1)? (np2]r|ne3)?
% %;1 % (na0]rinsl)(ns1|r|np2) (na0|rine1) (nel|r|ngy2)
Cs
2 5 0 (na0[r|ns1)2 (n2]r2|n0)?
2 v T (na0[r|ns1)2 (ny2]r2|ne2)?
3 3 = (na0]r?|ns2)2(np2|r|n, 1)
z s i (na0|7|ns1)2 (np2|r2|ned)?
L i 3 (na0[r2|n52)2 (12| |ne3)2
% g—58 3—54 (n0|r|ns1)2(np2|r|ne 1) (nel|r3|np2)
10 i et (naOlr[ns1)2 (mp2|r[ne3) (ne3]r? ny2)
% 5—58 g—g (na0|r|ns1)(nsliriny2) (ne0lr|ne1) (ne1|r3|ny2)
% 737}52 % (na0lrns1)(ns1|r|ny2) (ne0]r2|ne2) (ne2|r2|np2)
% %58 %54 (na0|r|ns1)(nsl|riny2) (ne0]r3|ne3) (nedlr|ny2)
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TABLE XI: The angular coefficients multiplying the radial sums for dispersion coefficients Cg and
Cg for the ngp-nyp case. The angular coefficients when n, = ny are easily obtained by setting 5 = 1
and dividing by 2. For reasons of compactness the energy denominator is omitted.

ST(B) =F(8) (B8) M(3,+1) (3, —-1) A(B) Radial sum rule
Cs

0 % 0 0 0 0 (na1|r|ns0)2(npl|r|n:0)?
= Z 0 = 3 Z (na1]r|ns0)%(npl|r|n,2)?

5 1 0 30 o (na1lr|ns2)? (np1|r}n,0)?

T T S - T (na1|r[ns2)*(np1|rin2)?

0 %ﬂ 0 0 0 0 (ng1|r|ns0)(ns0|rinyl)(ng1|r|n0)(n0]rinyl)
% %ﬁ 0 %ﬁ ?ﬁ %ﬁ (ngllr|ns0)(ns0|r|nyl) (ng1|r|n:2) (ne2|r|nyl)
58 78 Bz 50 186 (nallrlns2)(ns2fringl)(nallr|ne2)(ne2lr|ny1)

Cs

0 = 0 < 0 0 (na1|r|ns0)(npl|r?n,1)?

0 8 0 L 0 0 (na1|72|ns1)%(npl|r|ns0)>
x5 w5 % 5 15 (na1[r?|ns1) (np1|r|n,2)”
oI - 5 T (nallr|ns2)? (npl|r?[ne1)?

% % 0 % % % (na1]72|ns3)2 (npl|r|n.0)?

% % 0 % % % (na1]rns0)2(npl|r?|n.3)?

A T - 5 A (nallrins2)? (ny1]r?[n.3)?

5 %5 55 5 & (na1]r?[ns3)? (np1|r|ne2)?

0 % 0 5—58 0 g—é (na1|r|ns0)2(npl|r|ne2) (ne2|r3|nyl)

0 % 0 g—? 0 g—é (na1lrns2) (ns2|r3|ng1) (npl|r|n0)?

0 19;% IT? 24—5 % 17756 (nal|rns2) (ns2|r3|ng1) (npl|r|n:2)?

0 % IT? % % 177? (nal|r|ns2)? (npl|r|ne2) (ne2|r3|ny1)

0 % 0 5—58 0 g—é (na1]r|ns0) (507 |npl) (ng 1r3|ns2) (ny2]r|np1)

0 % 0 g—g 0 5—54 (na1]7|n50) (507 |np1) (na 1]7|12) (142|173 |mp1)

0 f—%ﬂ %ﬂ 24—5ﬁ %’gﬂ %ﬁ (nal|r|ns2) (ns2]r|npl) (na1]r|ne2) (ne2]r3|ny1)

0 % % 24—5 1735? 1775? (nal|r|ns2) (ns2]r|npl) (ne1]r3ne2) (n2]r|ny1)
%ﬁ % IT? 2% %%6 125 (nal]r?ns1) (ns1|r?|npl) (ng1]r|ne2) (ng2]r|ngl)
gﬂ % 0 16735 _76 ég (na1]7|ns0) (507 |np1) (ng 1|72 |n3) (ne3]r2|np1)
%ﬁ % %ﬁ gﬁ %ﬁ g‘?g (na1|r|ns2) (ns2]r|npl) (ne1]r2|ne3) (ne3|r2|np1)

0 % 0 % 0 0 (nal|r|ns0)(ns0lr|nyl)(ngl|r?|nel) (ned|r?|nyl)
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