








ing on whether N was even or odd (the oscillations in
p1 were more marked). The oscillations became larger
for the 4-term fit, here it was found that the py typ-
ically flipped between 3.4 and 4.6. The actual values
given in Table IT were obtained by weighted average, e.g.
po = 0.25pg(N =19) + 0.50p (N =20) + 0.25po (N =21).

These oscillations are most likely due to the physical
properties of the basis set expansion of the He ground
state. It has been known for a long time that treating
the two electrons as an inner and outer electron can lead
to a better description of the radial correlations [7, 27].
With the electrons having a tendency to separate into
inner and outer radial orbitals the possibility does exist
that achieving this separation might be slightly easier or
harder if there are an even or odd number of NOs. It must
be recalled that NOs themselves are objects that depend
on the electron dynamics. The convergence of the mean
electron-nucleus distance, i.e. (r) was also examined and
the convergence pattern was quite irregular. Defining p,
using eq. (14) results in the strongly oscillating plot of
pr vs 1/N observed in Figure 9. The oscillations disap-
pear if (r)~ for only even N (or only odd N) are used
in a slightly modified version of eq. (14) and one finds
the leading order term in Ar®Y is O(N~9). It should be
noted that similar even-odd fluctuations have also been
observed in high precision calculations using correlated
basis sets [12, 28, 29].

TABLE III: The term by term energy and (d) -function (in
aj) expectation values for the NO basis.

N ()Y ()"

1 -2.861 531 101 7265 0.190 249 652 529
2 -2.877 929 200 9378 0.161 369 548 453
3 -2.878 844 196 5241 0.157 747 352 993
4 -2.878 980 288 7909 0.156 661 432 897
5 -2.879 012 046 8823 0.156 240 259 959
6 -2.879 021 844 0177 0.156 045 264 861
7 -2.879 025 501 6647 0.155 943 428 536
8 -2.879 027 069 6581 0.155 885 238 797
9 -2.879 027 815 8906 0.155 849 654 582
10 -2.879 028 201 2549 0.155 826 694 126
11 -2.879 028 413 7401 0.155 811 228 411
12 -2.879 028 537 3691 0.155 800 434 791
13 -2.879 028 612 5987 0.155 792 675 857
14 -2.879 028 660 1493 0.155 786 956 341
15 -2.879 028 691 2007 0.155 782 648 350
16 -2.879 028 712 0592 0.155 779 342 132
17 -2.879 028 726 4219 0.155 776 762 792
18 -2.879 028 736 5303 0.155 774 721 119
19 -2.879 028 743 7842 0.155 773 084 071
20 -2.879 028 749 0810 0.155 771 756 198

The asymptotic behavior of the natural orbital configu-

ration coefficients were also determined. The coefficients
are the d; in eq. (20). Assuming that the d; scale as an
inverse power series, d; ~ Aq/i% gives

pNozln<dC§é_V)/ln<i_i1) . (24)

A fit of p to i using the formula

p p
pNozpo+71+Z.—22, (25)

gave values of pg that ranged from 3.998 to 4.003 for suc-

cessive fits to the 3 previous values for i-values between

12 and 20 for the \gp basis. It was found that
0.362 0.589  1.492

N — t+— + —

d;
i4 i5 LI

(26)

at ¢ = 20. Carroll et al obtained the result d; ~ (i9~f/7;)4
[1].

VII. CONVERGENCE OF AN OPTIMIZED
BASIS

In this section the convergence properties of the LTO
basis which is energy optimized at each N are studied.
Developing the sequence of exponents Ajp; that gave the
lowest energy for a LTO basis of dimension M was te-
dious. Defining 6(F) and 6(d) as the differences in (F)
and (¢) arising from an imprecisely known Ajps, one has
the relations

Q

o(E)
5(0)

A(ON)? (27)
B(0)) . (28)

Q

The quadratic dependence of §(FE) with respect to oA
does make it easier to generate the sequence of (E)" val-
ues. But this quadratic dependence upon A does make
it harder to determine \,; since the energy only depends
weakly on A in the vicinity of the minimum. Since §(J)
depends linearly on 6\, any imprecision in A; impacts
the precision of the (§)"V sequence more severely.

Some specific data can be used to put this in perspec-
tive. The Ap; for M = 1,...,30 have been determined
to a precision for 107 for the calculations reported in
this section. These gave an energy that was accurate to
1018 hartree for the M = 15 calculation, but (§) was
only known to a precision of 107! @3. Determination of
(8) to a precision of 10715 a would require fixing Ay
with an accuracy of 1071 which would necessitate an
energy given to a accuracy of 10726 hartree.

The behavior of pg and ps vs N was sufficiently com-
plicated that an initial least squares fit to the equation
p = po + p1/N' was performed for N € [18,30]. The
results of the fit gave

15.69
0.3832
ps = 3.8003 — —200% (30)

N0.5438



The distinctive aspect about the fit is the difference in the
leading terms of the inverse power series for pp and ps.
Figure 10 shows that variation of pg for the optimized
LTO basis as a function of 1/N27326 up to N = 30. The
plot of ps is tending to curl up for the smallest values of
1/N?-7326 hecause it is not linear in 1/N?2-7326,

6.0 T T T ™
[ Optimized at each N ]
59 | -
Px Pe . ,
58 F , T

i Pst+ 2
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0 0.001
1N 27326

FIG. 10: The estimated exponents pg and ps as a function
of N™27326 for the optimized basis. The variation of ps with
N~27326 i5 not expected to be linear.

Another notable feature of Figure 10 were the oscilla-
tions in pg and ps for even and odd values of N. Oscil-
lations in ps were previously seen for the NO sequence
but the ps oscillations in Figure 10 are more pronounced
than those in Figure 9. Some of the values in Table II
were given using the 3-point averaging used previously
for the Natural Orbital sequence.

The asymptotic analysis to determine the variational
limits were performed with the following series

A B

N _ E E
AE" = 56562 | 83598 (31)

A B

N _ g )
AT = N38093 T 43531 - (32)

The results of the analysis are given in Table II. The
energy is predicted with an accuracy of 1071% hartree
while (§)°° is given to an accuracy of 10~% a3. Equations
(31) and (32) were not worth extending to include more
terms. The power of the next term in eq. (31) is not
obvious (refer to the Appendix A) and the oscillations
in ps to a certain extent negate the value of extending
eq. (32) to include additional terms (even if we knew
what those terms were!).

VIII. SUMMARY AND CONCLUSIONS

Results of a sequence of CI calculations of the He
ground state with an ¢ = 0 basis have been presented.
This can be regarded as the simplest model of a real
atom that has a correlation cusp. The energy depen-
dence of the LTO basis was AE ~ O(N~7/2). This
rather slow convergence rate can be improved by fit-
ting a succession of (E)N values to the inverse power
series AEY = Ap/N~7/2 + Bp/N=8/2 4 ... and esti-
mating the N — oo limit. It ultimately proved possible
after adopting quadruple precision arithmetic, to repro-
duce the known energy in this model to an accuracy of
1 x 1074 hartree. The specific choice of the asymptotic
series should be regarded as conjecture supported by nu-
merical evidence. More definite proof would require the
calculations to be extended to N > 100. The common
exponent of the LTO basis should not be chosen to op-
timize the energy for the largest calculation since this
results in a distorted convergence pattern. In effect, op-
timizing the LTO exponent for N LTOs, and then using
the (N=3), (N-2), (N—1) and N energies to determine the
coefficients of a 3-term expansion to eq. (18) will give an
inaccurate estimate of the energy correction needed to
achieve the variational limit. Any extrapolation would
seem to require that N (the number of LTOs) should ex-
ceed M (the basis dimension at which A\ was optimized)
by about ten or more. This conclusion holds for both the
energy and electron-electron §-function. The very slow
O(1/N®/2) convergence of (§) was also circumvented by
the use of the N — oo corrections.

The examinations of the convergence rate for an NO
basis set revealed a faster convergence. The NO basis
converged as O(N ~%) with the next term being O(N 7).
The present determinations of the convergence rates are
more rigorous than those of Carroll et al [1]. One sur-
prising result was the slight even-odd oscillation in the
convergence of the inter-electronic §-function. Examina-
tion of the (r) revealed noticeable even-odd oscillations
in p,.. The presence of these ripples could complicate de-
termination of the variational limit of expectation values
other than the energy. It was possible to extrapolate the
energy of a 20 orbital NO basis to the variational limit
with an accuracy of about 10~'2 hartree.

The convergence rate of the optimized LTO basis was
O(N—5:6562) with the next term being O(N ~8-3888). The
degree of uncertainty in both of these exponents is much
larger than for the fixed A LTO sequence or the NO
sequence. The extremely tedious nature of the A op-
timization, combined with the lack of knowledge about
the nature of the asymptotic series beyond the first two
terms, make this extrapolation a less attractive proposi-
tion. The noticeable even-odd oscillation in ps and even
pg further render the method even more unattractive.
The implications of this behavior are not confined to the
present work. For example, it is likely that correlated



exponential basis sets composed of functions with
&(r1,re,m2) = rir%r{% exp(—Ary) exp(—Are) (33)

could also exhibit complicated convergence patterns since
A is often energy optimized as the basis dimension is in-
creased in size [30]. Consequently, it would not be sur-
prising for estimates of the N — oo energy correction
for variational calculations on systems using a Hylleraas
basis to be unreliable. For example, Yan and cowork-
ers have estimated the variational limit in a high preci-
sion calculation of PsH using a Hylleraas type basis [31].
Their estimated energy correction for the PsH ground
state energy (only 9.6 x 10~% hartree) was too small by
at least a factor of three [32].

One of the main motivations for the present study
was to gain insight into solving the problems associ-
ated with the very slow convergence of CI calculations
for mixed electron-positron systems [15, 17, 23, 33]. In
effect, the problem is to determine the complete basis
set limit [12, 34, 35] for these exotic systems. The slow
O(N~"/2) convergence of the energy for an LTO basis
set is greatly improved by the adoption of extrapolation
schemes. Using the N = 10 energy for the A1¢ basis and
the best extrapolation of the N = 60 calculation in Table
II as two reference points, one deduces an effective con-
vergence rate of O(N~1%). The penalty associated with
the use of the extrapolation formulae is the necessity to
use quadruple precision arithmetic if 3 or more terms are
retained in the inverse power series (note, a 3-term se-
ries for AN was numerically stable in double precision
arithmetic). The need to use the quadruple precision
arithmetic is caused by the very small size of the AEN
increments and the impact of round-off error on the fit to
the inverse power series. One somewhat ironic feature is
that it is necessary to use a basis that is not energy op-
timized so that the extrapolation to the variational limit
can be done reliably.

Acknowledgments

The authors would like to thank Shane Caple and Roy
Pidgeon of CDU for providing access to extra comput-
ing resources. We would also like to thank David Bosci
of Hewlett-Packard(Darwin) for giving us access to a
demonstration Itanium workstation.

APPENDIX A: ANALYSIS OF THE
p-DEPENDENCE

Let us demonstrate that an asymptotic series

A B A S

N _ N
AXN = St = (1

(with C = B/A) leads to p = ¢+ F//N* when p is defined
from successive AX? increments by

p=m<%%g;>/m(ﬁqﬁ>. (A2)

Substituting AX®Y and AXY 1! from eq. (A1) gives

A 1+ B
—1)\q — 1)t N

e (i) g (Y
Na

(+#) N

p=1In

The logarithm in the numerator can be split into two
terms

AXN-1 N 1+ (Ngl)t
(S ) o (g )+ <7 (A1)
AXN N -1 14+ %

The first term conveniently cancels with the denomina-
tor to give q. The argument of the second term can be
expanded

1+ oy e c  C?
(Ncl) M\ttt ) et
1++% Nt~ Nt+ Nt N2t
tC
zl—l-—NtH—&—... (A5)
Using In(1 + z) ~ z leads to
14+ vy t
ln< 1(NC“') ~ Ngl . (A6)
T

The denominator is simplified using In(N/(N — 1)) =
In(1+1/(N —1)) =~ 1/N to finally give

tC
ﬁ'ﬁ‘...

as required. If eq. (A1) has successive terms where the
power increments by ¢ = 1 or ¢ = 1/2 indefinitely, then
this leads to a corresponding series, eq. (A7) that also
have powers that respectively increment by 1 or 1/2 in-
definitely. This is not necessarily true for arbitrary ¢ in
eq. (Al).

p=q+ (A7)

APPENDIX B: SCALING OF THE 2-ELECTRON
INTEGRALS

The most time-consuming part of the calculation was
the generation of the electron-electron and annihilation
matrix elements. However, the expense of this was
greatly reduced by generating an initial set of integrals
for a given A, and then using a scaling factor to generate
the integral lists for other values of \.

The basic integral that has to be done is

R(ng,np, e, Ng, A) = // dry dra Ng(A\)Np(X\)

Ne(A)Na(X) fa(Ar1) fo(Ar2)
V(ri,r2) fe(Ar1) fa(Ar2)  (B1)

X X



All  integrals can be defined in terms of
R(ng,np,ne,ng, A = 1). Consider the integral (B1)
and make the transformation Ar = w. Therefore

r1 = uy/A and r9 = ug/A. Similarly drqy = duq /A and
dry = dus /X and therefore
1
R(Tla,Nb,nwnd,A) = p/ dul duQNa()\)Nb(A)

Ne(A)Na(N) faur) fo(uz)
V(r1,72) fe(ur) fa(uz)

From eq. (9), N,(A) = AY2N,(\ = 1), so

X X

(B2)

R(ng,np, e, g, A) = //du1 dua N, (1)Ny(1)

Ne(1)Na(1) fa(ur) fo(uz2)
V(r1,72) fe(ur) fa(uz)

X

(B3)

X

The scaling for the electron-electron repulsion integral is
Ity — o]t = AJu; — up| ™. Hence

R(na,nb,nc,nd,/\) = )\R(na7nb7n0and71) ) (B4)

for the electron-electron integral. When the operator is
the d-function, one uses the result 6(r,; —r2) = Ad(u;—us)
to give

R(na;nb;nmnd;A) = )\R(na7nb7ncand71) . (B5)
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