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FIG. 2: A diagram in the plane of the coupling strength,
C1 = C2, and shove strength, S, showing different outcomes of
kicking the quiescent soliton in the 1D lattice, for ω = −0.25
and k = 0.25. (“localization” means that the soliton remains
quiescent).
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FIG. 3: (Color online) Same as Fig. 1 and with the same pa-
rameters, but in the 2D periodic lattice, for the propagation
in the diagonal (45 degrees, top panels) and off-diagonal (π/9
relative to the lattice bonds, bottom panels) directions. The
right panels display snapshots of the moving solitons in the
FF (top) and SH (bottom) fields at t = 0, 30, 50, while the
left panels show trajectories of the soliton’s center. Dashed
and solid line represent the soliton center in the n and m di-
rections. In the diagonal propagation, the two lines coincide.

to overcome the PN barrier; since its height decays ex-
ponentially with the increase of the intersite coupling,
the “localization” region in Fig. 2 is very small. Thus,
general features of the 1D situation are summarized as

follows: (i) for S < S
(0)
cr , the soliton remains quiescent;

(ii) for S
(0)
cr < S < Scr, it sets in a state of persistent

motion; (iii) for S > Scr, the soliton is destroyed.

We now turn to the 2D setting, which is more interest-
ing for two reasons. First, as noted above, in the 2D case
the mobility is a highly nontrivial feature, absent in the
case of the χ(3) nonlinearity; second, it is interesting to
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FIG. 4: (Color online) Features of the soliton motion in the
2D periodic lattice, for C1 = C2 = 1, k = 0.25, ω = −0.25.
The top left panel shows the velocity versus the shove strength
S directed along the lattice bonds (at angle θ = 0); the ver-
tical dashed line indicates the value of Scr, beyond which the
soliton is destroyed. The top right panel depicts Scr as a func-
tion of the orientation of the initial kick, θ. For given S = 0.4,
the ensuing velocity of the motion is shown versus θ in the
bottom left corner. In addition, the bottom right panel shows
the analytically predicted PN potential.

study anisotropy of the mobility, i.e., its dependence on
the orientation of the initial kick relative to the lattice.
Figure 3 shows two examples of stable motion: one along
the lattice diagonal, and, to our knowledge, the first ever
example of motion in an arbitrary direction (neither di-
agonal, nor along the bonds) on the lattice.

In Fig. 4, we summarize the dependence of the mobility
on the shove strength, S, and direction, θ, of the initial
kick. The “localization” of the 2D soliton (no motion at

all) is observed in interval S < S
(0)
cr (S

(0)
cr ≈ 0.02 in the

top left panel of Fig. 4). Other generic outcomes again
amount to motion at a finite velocity, which depends on
S, and destruction by a strong kick, if S > Scr.

Particularly noteworthy features, specific to the 2D
setting, are presented in the top right and bottom left
panels of Fig. 4, viz., dependences of Scr and established
velocity on θ. These features demonstrate that the prop-
agation direction easiest to sustain the motion on the
square lattice is along the diagonal, as the motion in this
direction persists up to the largest value of Scr, and is
fastest for given S. Both observations may be explained
by the fact that the height of the analytically predicted
PN potential (6) is smallest along in the diagonal direc-
tion, as shown by bottom right panel in Fig. 4. Of course,
a lattice solitary wave cannot move straight along the di-
agonal; however, it may periodically split along the two
lattice directions and recombine at the site located di-
agonally across from the splitting point, which is indeed
observed in our numerical data.

We have also examined the situation with C2 < C1,

and obtained similar results, but with larger S
(0)
cr . In the
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special case of C2 = 0 (no coupling in the SH field), mov-
ing solitons cannot be generated, which is easy to explain:
with C2 = 0, Eq. (2) yields Φm,n = −Ψ2

m,n/(4ω+k), and
the substitution of this in Eq. (1) makes the model equiv-
alent to one with the cubic nonlinearity, where steadily
moving 2D discrete solitons do not exist.
Conclusions. In this work, we examined the mobility

of solitons in 1D and 2D lattices with the quadratic non-
linearity. We have shown that the solitons feature stable
motion much easier than their counterparts in 1D lattices
with the cubic nonlinearity, and they may also be mobile
on the 2D lattice, where the cubic solitons cannot move at
all. In the 2D lattice, we have for the first time reported
a possibility of motion of the soliton in an arbitrary di-
rection (neither axial nor diagonal), the motion along

the diagonal being most persistent. A qualitative expla-
nation for these features was provided by the analytical
approximation for the 2D Peierls-Nabarro potential.

It may be interesting to extend the analysis to other
1D and, especially, 2D models, where mobile solitons may
be expected, such as systems with competing nonlinear-
ities (the cubic-quintic model [34], or the Salerno model
with competing on-site and inter-site cubic terms [35]).
A full proof of the existence of traveling lattice solitons is
a challenging computational [36] and mathematical [37]
problem.
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[32] L. Hadžievski et al., Phys. Rev. Lett. 93, 033901 (2004).
[33] R. Fischer et al., Phys. Rev. Lett. 96, 023905 (2006).
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